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PREFACE. 

T HAVE been frequently asked to produce solutions 
-^ of the examples in my Treatise on Elementary 
Hydrostatics, but the pressure of other work has 
prevented me from undertaking the task of preparing 
them. 

These solutions have been almost entirely drawn 
up by Mr A. W. Flux, Fellow of St John's College, 
and I am much indebted to him for the labour which 
he has bestowed upon the work. 

I hope that they will be found to be useful and 
helpful, both to teachers and to students. 

No figures have been given, but the student will 
find no serious difficulty in drawing figures for him- 
self when necessary, and he will find it greatly to his 
£ulvantage to do so. 

W H. BESANT. 



January 1891. 
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INTRODUCTORY NOTE. 

"TN these solutions the expression employed for the 
-*- weight of a volume V of fluid is sometimes wV 
and sometimes gpV, 

It must be borne in mind that when wV is used, 
w is the intrinsic weight, that is the weight of unit 
volume of the fluid, expressed in pounds weight, so 
that wViB the number of pounds weight of the volume 
V of fluid. When gpVia employed the unit of force 
is the poundal, that is, the force required to produce 
the unit of acceleration in the unit of mass. 

If we take one foot, one second, and one pound 
as the units, the poundal is roughly equal to the 
weight of half an ounce. 

It must be clearly seen that the poundal is an 
absolute unit of force, independent of time and place, 
whereas the weight of a pound, that is, the attraction 
of the Earth upon a pound, combined with the effect 
of the Earth's rotation, is both local and temporary ; 



VI INTRODUCTORY NOTE. 

it is different at differei^t places, and it changes at 
the same place from time to time. 

The Earth is not homogeneous, nor is it a sphere, 
and it is not at rest, but is in a state of rotation 
about its axis ; hence it is that weight depends upon 
locality. 

Further, changes are perpetually taking place in 
portions of the masses which constitute the Earth, 
both upon its surface^ and beneath its surface; hence 
it is that the weight of a body at the same place is 
not an absolutely fixed quantity. 
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ELEMENTARY HYDROSTATICS. 



SOLUTIONS OF EXAMPLES. 



CHAPTER I. 

Examination. 

4. (1) The unit of area is a square inch, the pressure 
on which is lOj pounds. 

(2) The unit of area is four square inches, the 
pressure on which is 42 pounds. 

5. Suppose h so small that the pressure ma;^ be con- 
sidered uniform Over the rectangle, the area of wmch is hh. 

This uniform pressure is 

whh (a + h)lhh = iT (a + A) = ie>a 
when h vanishes, i.e. at any point in the upper side. 

6. Area of larger pipe = 9 x area of smaller pipe ; 

. '. required force = 9 x 20 = 180 lbs. 

8. Areaof^=64x36x36xareaof ^;. 

.'. weight supported by ^=64 x 36 x 36 lbs. =37^ tons. 
B. E. H. 1 



2 CHAPTER I. 

9. 4 If a be the length of the side of the square, 2b the 
other side of the rectangular lid, W its weight, p the 
pressure when the lid is on the point of lifting, 

Taking moments about the line of the hinge 
pa^ X a= Wx or p= — 3- . 

1 1. Let pq be parallel to BC at a small distance h from 

PQ- 

Then pressure on 

PpqQ ^p [{x + hf - aP^] =p {2xh + h^). 

-4nd area of PpqQ=PQ x h very nearly. 
.-. the pressure at any point in P§ is 

',%gsp 2p,d 
PQ W 

if c? be the perpendicular from A on BC, and the pressure 
is uniform over the triangle. 

12. The pressure is y^T — ^oZ atmospheres. 

2x 10000 
.*. the compression = ^^ — s^— x -00006 of the whole 

volume ; 

.*. distance through which piston is compressed 

10x12 1 . , 
= 7r=-^ inch. 



29x367r 27-3 



CHAPTER 11. 



Examination. 

2. Weight of a cubic foot of mercury = 13-568 x 1000 
ounces =848 lbs. 

3. The required weight 

=27 X 1728 X 6 X -45 = 104976 lbs. 

4. Let V, she the volume and specific gravity of one 
fluid, mF, 7W of the other, a- the specific granty of the 
mixture. 

o-(w+l) F= Vs+mnVs; 

1+m 
.*. s=<r 



1+mw* 

6. 2V, V being the volumes of the two fluids which 
are mixed, 2 F is the volume of the mixture. 

. • . density of mixture = ^—^av — ~ = 2p. 

6. The required weight 

= 27 X -12 X 1000 ozs. = 202^ lbs. 

1000 

7. A cubic inch of water weighs j-^ttt^ — r^ lbs. 

° 1728x16 

/. the sp, gr. of the substance 



1625 16x1728 ,^ 
3456 1000 



1—2 



4 CHAPTER II. 

8. 8, if, «", o- being the densities of the three fluids 
and of the mixture, 

9. Let the resulting volume be F+ V - v. 
Then « (F+ V'-v)= Vtr^- 7V; 

10. Let 2 F be the volume of each fluid mixed. 

The volume of the mixture is 3 F. Its sp. gr. being o-, 
3Fcr=2F«+4F«; .-. o-=2«. 



Examples. 

1. The densities of the n fluids being 

p, 2p, 3p, np 

when equal volumes are mixed, the density of the 
mixture is 

l+2+3+...+»i w+1 
n ^=-^^- 

When the volumes are in the ratios of 1 . 2 . 3...?i, the 
density of the mixture 

_l2+2M-_-fn2 ^ 2n+l 
~ 1+2 + ... +n ^" 3 ^' 
When the volumes are in the ratios of 



n. n-\ ...3. 2. 1, 
the density of the mixture 

7i+2(7i-l)+3(w-2) + ...+n w+2 

ss = p = — -— p. 

W+W-1 + ...+2 + 1 3 



EXAMPLES. 5 

2. «i, «2 l^eing the sp. gr. of the two fluids, 

o-=i («iH-«2)> 0-'= J («i+2«2); 

3. In the new units ^=^. 

.*. weight of a cubic yard of standard=^xunit of 

weight =y X 25 ozs. = 3x27x1000 ^ ^®^S^* ^^ ^ ^"^^^ ^^^ 
of water. 

.*. density of standard : density of water =4 : 405. Or 
we may conduct the argument as follows; let p be the 
density of water referred to the standard substance ; then, 
taking a cubic yard of water, 

F=l, and TF=iiJ^, 

and the equation, W^gp 7, becomes 

^^f^=^p, and .-. p=A}-^. 

4. If p is density of water referred to standard, the 
equation, TF=^p7, becomes for the unit of volume of 
water, 

64000 32 , 125 



16x3x112 4 '^^ '^ 84 

5. In Tr=^pF, a cubic foot of standard weighs 32 
lbs., and in 17= «F, it weighs 1 lb. 

6. If when 7, «, and p are each xmity, W is unity in 
each equation, it follows that ^=^, and therefore, if t 
seconds is the unit of time, 

32^2=1. 

7. In the new units ^=^^ x i= g- 

In W=gp V weight of 1 cubic yard of the standard 

=9 lbs. 
In T7=« 7 weight of 1 cubic yard of the standard = 1 lb. 



6 CHAPTER II. 

8. Let I feet be the unit of length in W=gp V, 

Then g= — j — . 

32 X 8 

/. weight of P cub. feet of the standard = — j — units 

of weight. 

But, from W=8V, weight of unit volume of standard 
is unit of weight, 

.*. t^— J or 1=4, 

9. In W=gp F, weight of 27 cubic yards of the standard 

32x16 .. . . , . 
xmits of weight. 



9 

In W=8V, weight of 27 cubic yards of the standard = 1 
unit of weight. 

10. Let 8i, S2hG the specific gravities of the fluids, 

£i+^_4 2 
2 3*1 1' 

.-. 3«i2_io«j«2+3«,2=0; 
.'. «i : «2=1 : 3 or 3 : 1. 

11. Let X gallons be the quantity required, 

a? 4- 10-31 . ^__L^4.7619 

121. Volume of earth 

= Jir (1 •276)3. 10^^^ cubic centimetres. 

. • . mass of earth = Jtt (1 '275)3 x 5*67 x 10^ grammes 

=6*15 X 10*^ grammes about. 



CHAPTER III. 



Examination. 

2. (1) The pressure on a unit of area (a square 
inch) = the weight of Jf£ cubic feet of water =43ff lbs. 

(2) Pressure is now increased by the atmospheric 
pressure, i.e. by about 14} lbs. per square inch, and is 
therefore about 58 lbs. 

4. Neglecting atmospheric pressure, the pressure on 
a square mch=the weight of 445 cubic feet of water 

=73iHlbs- 

6. The depth of the centre of gravity of the triangle 

Its area is V3/4 square feet. 

.•. the pressure on it = the weight of J cubic foot of 
water =125 ozs. 

8. If a cylinder with vertical generating lines be 
described on the same base as the cone, the pressure on 
the curved surface of the cone is the weight of the liquid 
which would fill the space between the cone and cylinder, 
i.e. twice the weight of the liquid in the cone. 

9. If we suppose the density of the area to vary as 
the depth below the surface, its centre of gravity would be 
the centre of pressure. Now this centre of gravity is 
evidently at a greater depth than that of a uniform aiea 
with the same boundary, unless the area be horizontal, 
when they coincide. 



8 CHAPTER III. 

11. Let h be the length of the vertical side of the 
rectangle, x the depth of the required line, h the breadth 
of the rectangle. 

The whole pressure on the rectangle =t(7 . 5 . ^6- 

X 

The pressure on the upper portion =t(? . 5 . ^6. 
. '.r^ = \hl^ or x= hj^J^. 

12. If Xr be the depth of the rth line of division, we 
have as in (11), 

n ' 

13. h being the height, 2a the base of the triangle, 

XOL 

X the depth of the dividing line, whose length .*. = 2 . -7-. 
Whole pressure on triangle =i<; . |A. Aa. 

Pressure on upper portion =^w , ^x.x-y; 

.'. x^h/iy2. 



Examples. 

1. Let A be the sectional area of the cvlinders, W the 
weight of the piston, A, k the heights of tne water in the 
open and closed cylinders. The position of equilibrium is 
given by 

w,hA=:wkA+ W, 

or h-k= W/wA. 

The volume of water (h+k) A in the two cylinders 
being known, h and k are at once determined. 



EXAMPLES. 9 

2. The weight must be equal to the weight of 8 x (2^)^ 
cubic feet of water, i.e. 3125 lbs. 

3. Let h be the height, h the breadth of the rectangle, 

and let the line cut the lower side at a distance h- x from 

the opposite comer. 

h 
Pressure on whole rectangle =t(7 , ^M, 

Pressure on triangular part=«r • -^. -^ • 

^=^6 or ^=j6. 



4. Let h be the whole len^h of tube occupied by the 
two liquids, x the height of theu* common surface above B. 

The height of the surface of the lighter Uquid above 
the common surface =A/2^2. 

That of the surface of the heavier liquid is 

g-2^V2)/V2; 

.-. 2(^|-2a?V2)=| or a:=A/8V2. 

5. Area of curved surf6ice=7r square feet. 

Pressure on it due to weight of water = weight of ^ 
cubic feet of water. 

Pressure on it due to weight of piston =7rx4-T--=16 lbs. 
. •. whole pressure =16+ ^^^ lbs. 

6. The cylinder being full of water, the effect is 
simply that which would be produced by increasing the 
weight of the piston by 1 lb., i.e. the whole pressing is 
increased by 4 lbs. 

20 126 
The pressure at a depth A is — f- -^ h lbs. per square 

TT 2 

foot. 



10 CHAPTER m. 

7. (1) When the vessel is full, the water will overflow 
as the lead is immersed, the pressure on the base being 
unchanged. 

(2) If the vessel is not full, the pressure on the 
base is increased by the weight of a quantity of water 
equal in volume to the piece of lead. 

8. Let h be the height, r the radius of the cylinder. 
Pressure on curved surface =?wA . 27rr. 

Pressiure on each end =wr , nr^. 

Weight of fluid =^ch . wr^. 

.'. 2Ar+2r2=3Ar, 
or 2r=L 

9. Let the vertical through C meet AB in 2), and let 
be the angle made by CA, Cn with the surfeice. 

The depth of ^ is 6 sin 6, that of J? is a sin ^ ; 

. *!. J i.u r n 2a6sin^ 
.'. the depth of /)= - -, . 
^ a+b 

For CD bisects ACB and therefore AD : DB=b : a. 

The depth of the c.G. of ACD 

^\ a+b Jl 3 a + b 

The depth of the c.G. of BCD==^^ . ^^^"^f^ 

3 a+b 

The areas of ACD, BCD are as ^2) : BD^^b : a ; 

,\ the pressures on them are as b^ (6+ 3a) : a^ (a +36). 

10. Let ABC be the triangle, AB being in the surface. 
If be any point in the Hne CD, joining C to the middle 
point of AB, 

The pressures on the triangles CAD, CBD are equal 
and the pressures on OAD, OBD are equal. 
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.*. the pressures on COA^ COB are equal. 
If OD=x and CD=^h, 

Pressure on OAB : pressure on CAB=a^ : A^. 
.•. if be the point required, 

a^^lhr or x^hj^Z. 

11. Let AD=x. 

Then pressure on ABD : pressure on ABC=a^ : b^ ; 

And AD : DC^x : 6-07=1 : ^2-1. 

12. Let X inches be the side of the square, 2w, Zw the 
intrinsic weights of the two fluids. 

The pressure on the part in the lighter fluid 

= 2w . 2 . 4a7= 16w^. 

That on the lower pan;=(2w?.4+3t«;.— x— j^(:r-4). 

These being equal, we obtain 

^=J(1±>^10). 

The upper sign must be taken, since x is essentially 
positive. 

13. Let p be the perimeter of the cylinder, h the 
depth of each fluid. 

The fluid pressures on the three portions are as 
p.-.^A : fpA+2p.-W : (ph+2ph-\rZp^ph\ 

.'. these pressures are as 1 : 4 : 9. 

14. Let a, TT — a, be the angles subtended at the centre 
of the tube by the two portions of fluid, p, p' their densi- 
ties, a the radius of the circular tube, 6 the inclination to 
the vertical of the bounding diameter. 
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The two expressions for the pressure at the common 
surface are in tne ratio of 

p [a cos 6- a cos (^+ o)], 

and p'[-acos(^+o)-acos0]. 

Equating these we find 

tan ^=cot o+ -; — , — - . 
sin a p —p 

16. Let h be the length of the cylinder, A its sectional 
area, 0, ^ - ^) the inclinations of the axis to the vertical, 
w the intrinsic weight of the fluid. 

P=wA . A cos^, 
P^wA . Asin^; 

. '. [P* + F^'f =^whA= weight of fluid displaced. 

16. Let p be the density of the fluid, r the radius of 
the cylinder, h the distance of the fcentre of the sphere 
from the base of the cylinder. 

§irr«H-irr2.2r=wr2.A; .'. A=|r. 

Measuring in poundals, 

pressure on curved surface of cylinder before the in- 
troduction of the sphere —gp,r, 2irr . 2r = 4gfpjrr^. 

After the sphere is introduced it is 

The increase = 2SgpTrr^ = 14 x weight of fluid in poundals. 

17. Let p, p\ p" be the three densities, 

Xy y the depths of the common surfaces. 
Then px = p'y - p' (y - x\ 

or {p'P')^={p"-p')y\ 

.\ p-p' and p" - p' are of the same sign. 

Andif y >^, p"-p' <p-p' ] 

,', the order of magnitude is p . p", p'. 
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And these being in a.p., 

p-p'=2(p"-p'); 

18. Let X be the required distance. 
Then p'a (l--j^=p{a- x), 

19. Keferring to Examination (9), the area whose c.G. 
id the centre of pressiure becomes more nearly of uniform 
density as the plane area is lowered. Hence its c.G. 
approaches and intimately coincides with that of the area 
of imiform density. 

20. Produce AB, DC to meet in £, 
Let DE^ha and .-. CE=h^. 

Pressure on ECB=w . 5 . ~- , and depth of centre of 
pressure =^. 

Pressiure on EDA=w . ^ . -„- , and depth of centre of 

pressure=-. 

.'. depth of centre of pressure of A BCD 

21. Let a: be the height of the lower portion, h that 
of the triangle. 

The areas are a& a^ : hK 

The depth of the c.G. of the upper portion is 



hK^-ai^ 



T 3C 
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The pressure on it is J^p (A^- 3^^-1-2^). 
That on the lower portion is 

Equating these we obtain 

The real root 0^=5 gives the solution of the present 
problem. 

.'. the areas of the two portions are as 

h^-a^ :a^=S : I. 

22. Let 2A be the height of the floodgate, b its width, 
P, p the pressures at the upper and lower comers. 

2 {P+p)=gph. 2hb-gp.^.hh=isfpk^b, 

2p, 2h=gph.2hb.-^-gp^.hh,-^=lgph^b; 

••• P=^gp^^^' 
P^igph^b. 

23. Let p . p' be the densities, k the depth of each 
liquid. 

Then 3p.|=pA+p'|; 

.-. p=p\ 
24 Let I feet be the unit of length. 

32 

The new value of ^ is -v- ; 

32 32 

.-. jo=-y-p2lbs.; .-. -^ lbs. = I unit of weight =16 lbs. ; 
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25. Let I feet, t seconds be the required units. 
I feet per t seconds is the unit of velocity ; 

g= —J— in the new units =32?, 

when p=l, z=lj p=32l ounces. 

And this pressure is the weight of P cubic feet of 
water, i.e. 1000 P ounces ; 

.-. 1000^3=32?, 

5^6* 

26. Let t seconds be the unit of time. 

32^ 
g= —^ in the new units. 

Putting p and z unity, /)= weight of unit volume of the 

standard = 1000 lbs. ; 

32^ 
.-. 1000= 



or t= 



3 ' 

5^15 



27. Area of siu-face of sphere=47rx(^)2=7r square 

feet; 

37r 
.•. pressure on surface = weight of — cubic feet of 

water. 

The new value of ^ is 32 x (i)2=2 ; 

.*. the numerical value of the pressure =37r. 

28. Let a, 6, c be the breadths of the sides of the 
prism, d, €, f the lengths of the edges. 

P is proportional to a - . ^, i.e. to sin a ^^^ , 

Z 2 

§tosin^.^, i^tosiny^^ 

.*. Pcoseco+§ cosec/3H-K cosecy is proportional to 
d+€+Ci which being three times the depth of the c.G. of 
the prism remains unchanged. 
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29. Let a be the length of the edge of the cube, 

h the depth of the fluid in it. 
The width of the surface of the fluid = a - A ; 

. •. the volume of the fluid = ah . =^aA (2a - A). 

Since this =Ja5, h—a\\ — ^j. 

The pressure on the loose face is ^p . ^ . ah,J^. 

Its moment about the hinge =^p —j^ • -^» 



a 



The moment of the weight of the face=i«; . ^-^ . 
Equating these and inserting the value of A, 
^=J(V2-l)3=J(5V2-7). 

30. Let the box be tilted through an angle B. 

(i) About the edge on the same side as the hinge. 

_ ... a sin 9 2 

Pressure on lid=^p . — » — . a\ 

Its moment about the hinge =^p . — - — . -^. 

CL COS /9 

Moment of weight of lid about hinge =t(; . — - — ; 
.*. when tan ^=f — 3 the water begins to escape. 

(ii) About the edge diagonally opposite to the hinge. 
Moment of fluid pressure about hinge =^p . — ^- . - ; 
.'. when tan ^=3 . — = the water begins to escape. 

(iii) About either of the other edges. 

. -/, . J 1. X 1-- a^sin^ a 

Moment of flmd pressure about hinge =^p . — - — . ^ . 



EXAMPLES. 17 



Moment of weight about hinge=wcoad . - . 

w 
.: When tan ^=2 g the water begins to escape. 

These values of tan $ are as 3 : 6 : 4. 

31. The volume of the wine=§x^=^ that of the 
water 

rri ^ -4. rxu -^ 8.11 + 11.12 220 
The density of the mixture = — = -y^ . 

Taking the density of water as 12. 

The depth of pure wine=T^ of the cylinder. 

That of the mixture = J of the cylinder, and of water, 
JJ of the cylinder. 

The pressure on the curved surface in contact with the 
water is proportional to 

(iixA+W.Hi2.H)ii- 

That on the rest of the surface is proportional to 

"•A-A+(ii-A+¥«<*-i)i- 

And these two quantities are equal. 

32. Let A be the area of the fluid surface, h the depth 
of the vertex below that surface in the first case. 

The area of surface in contact with fluid is — -. — . 

sma 

. -en .J .. h A cos 6 

.*. Flmd pressiu^ on it=fl'p.-. --r- —. 
^ ^'^2 sma 

Let A* be the area of the fluid surface, k the depth of 
the fluid when the cone is vertical. 

k A' 
The fluid pres8ure=fl'p . ^ . — — . 
^ ^^2 sma 

But A'.k=A.h since the volume of fluid is the same. 
.*. The pressure is changed in the ratio cos 6 :1, 

33. The resultant pressure on the curved surface is 
due to the weight of the fluid and the upward pressure of 
the base, which are equal and opposite parallel forces of 
magnitude TT, and the distance between their lines of 
action is ^h tan a. 

B. E. H. 2 



CHAPTER IV. 

Examination. 

5. The c. g. of the two weights must be at the middle 
of the plank. 

7. One third of the cylinder must be immersed ; 

.'. its length is 12 feet. 

8. The specific gravities of the fluids are respectively 
^ and f that of the solid, and are .*. as 16 : 15. 

9. In each case the force is equal to the weight of the 
water displaced by six inches of tne cylinder. 

10. One-half the perimeter of the triangle must be 
immersed, i.e. 3/4 of each of the two lower sides. 

12. One-half the sphere is immersed, equilibrium 
being established with the nail at the highest point 
(xmstable) or at the lowest point (stable). 

13. If X cubic feet be the required volume : 

Volume of water displaced =4 +4? cubic feet. 

.*. 4+a:==4.^+4?.|. 

14. The pressing is that of the wood and superin- 
cimibent volume of water, which is of equal volume with 
the wood. 
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15. The water will flow from that vessel in which the 
pressure at the base is the greater. 

16. Let F, F', be the volumes, cr, cr' their specific 
gravities, p the sp. gr. of water. 

The weights of the two bodies in water being equal 

F((r-p)=F'((r'-p), 

F (t'-p 
V (r — p 



Examples. 

1. The volume immersed is equal to that not im- 
mersed, and the c. g. of the part immersed coincides 
with that of the fluid displaced, so that the c. g.'s of the 
two halves are in a vertical line. Hence, if inverted, the 
solid will float in equilibrium. 

2. Let the volume of the granite be a; cubic yards. 

•918 (1 -a?) +2-6507=11 = -92. 

.*. ^=giY» 

3. Half the area of the triangle must be immersed. 

.'. The altitude is divided by the surface of the liquid 
in the ratio 1 : a/2 - 1. 

4. Half the volume of the cone being immersed in 
each case, the portions of the axis immersed are in the 
ratio 1:4/2-1. 

6. Let w be the weight, F the volume of the body. 
Then w=Wi-\-V8i=W2+ Vs2 =w^+ Vs^. 

2—2 
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6. J of AB is above the surface and .*. \ of the 
triangle. 

If its density be p, and that of the liquid unity, taking 
moments about A oi the weight of the lamina and of the 
displaced fluid 

7. Let h be the depth of the upper liquid, x the 
length of the cylinder in the lower liquid, .*, 2A — ;r that in 
the upper. 

giving ^=M, i.e. one quarter of the cylinder is in the 
upper liquid. 

8. The c. g. of the weighted rod is one-third of its 
length from the weighted end. 

.-. The c. g. of the displaced liquid is at this point. 

.'. Two-thirds of the length of the rod is immersed and 
the density of the liquid =f density of weighted rod=f 
that of the wood. 

9. Let the portion not immersed be to the whole as 
X : 1, i^ its weight, s the specific gravity. 

w w 

The whole weight is — , the whole volume — . 

° X X8 

The weight of water displaced =—^^ ' . 

Xo 

.*. 8=\-x or 8-\-X=\, 
Now 8X is to be as great as possible, .'. 8—x—\, 

10. Weight of water to be displaced 

__ 9 9 1000__3757r 
"''•4-2-T728"""6r''^^- 



. • . The required weight = ( -^ — 8 ) 



ozs. 
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11. Evidently one-half that in the previous example, 

12. The c. g. of the weighted rod, and .'.of the dis- 
placed fluid, is one-quarter the length of the rod from the 
weighted end. 

.*. One-half the rod is immersed. 

.*. The weight of fluid displaced by half the rod is 
double the weight of the rod. 

.'. The density of the fluid is foiu* times that of the 
rod. 

13. The tension of the string = weight of rod — 
weight of water displaced, and is therefore not changed 
when the inclination is changed. 

14. Let r, /, be the internal and external radii, o-, p 
the densities of the shell and of water. 

.'. <r : p=r'3 : 2{r^^-T^). 

15. Let w, v/f be the weights of the cone and of the 
displaced fluidl w-w^ ia the magnitude of the required 
force. 

If 0? be the distance of its line of action from the c. g. 
of the solid cone. 



{w-'W^)x=w(-h-^k\=^w^-. 



• . CO — 



w — w' 12* 

16. Jf of the volume of the cone being immersed, 
of it is above the sm*face, i.e. § of the axis is above 

the surface. 

17. Let (T, p, be the intrinsic weights of the lamina 
and fluid, 2A the area of the lamina, w the weight at- 
tached. 

BD being the perpendicular from B on AC^ let AC=d^ 
AB^x, 

w-{'2Aa- = Ap. 
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The distance of A from the vertical through the ag. of 
the half immersed is 



ar^-MTi 



.'. p=3cr. 

18. Let a-f p, he the densities of paraholoid and liquid, 
h the height of the paraholoid, a: that of the portion 
immersed. Area of hase of paraholoid varies as the height. 



x=h ^^. 



or 

P 

19. Let W be the weight of ship and cargo, in tons. 
V the volume immersed, in cubic feet. 

A the area of the water line section, in square feet. 

. 3_ 2240 X 16 
"^•24"^- 1000 • 

Eliminating ^ and Fwe obtain PF=2186|. 

20. Let 2ifc be the height of the required cylinder. 
Half of it being immersed, 

21. The pressure on the lower half of the curved 
surface is vertical, and bears to the weight of the water in 
the cylinder the ratio, 
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since it is in equilibrium with the weight of the water 
in the lower half and the pressures on the horizontal 
plane separating the two halves. The latter pressure is 
that due to a depth r of water all over the surface of 
separation. When the cylinder is vertical, the pressure 
on one-half the curved surface is horizontal and balances 
the pressure on the diametral plane. It acts .*. at a point 
in the axis § of its length m)m the top, and is to the 
weight of the water contained in the cylinder as twice 
the height to the perimeter. ' 

22. The greatest height is when the e.g. of the whole 
solid coincides with the centre of the hemisphere. 

h being the height of the cylinder, r its radius 

2, h 2_« 3r 

.-. h=rlsl% 

23. Let F be the whole volume of the body. 

cr, p, the intrinsic weights of the body and fluid. 

. P2'~P8 I P8~Pl . Pl~'P2 _o 

24 Volume of frustimci= J that of complete cone. 
Volume of part immersed = |J - 1 = ^ that of cone. 
.'. Density of cone : that of fluid =19 : 56. 

25. Expressing the same condition as in (22). 

1^2 A ^ 2_3 3r 

.-. A=V3.n 

26. (T, p, being intrinsic weights of rods and fluid. 
a the length of each rod, a the sectional area. 
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Moment of fluid pressures about hinge 

a 1 . ( a , a 2 \ . doxt (a 1 . aJt>\ 

Moment of weight of rods about hinge 

^'^'"^ (275 -^ V^) "^"^ • ""1^^ =aWV5. 
.*. (T : p=31 : 40. 

27. Let the surface of the fluid meet AC'vciD, 

Since the pressures of the fluid and the weight of the 
triangle act vertically through the c. g.'s of BGD^ BAG 
respectively. 

These cg.'s are in a vertical line. .-. AC \& vertical. 
And .-. perpendicular to BD, 

And density of fluid : density of triangle 
=^AC : CD^AC : CB cos (7=sin J5 : sin ^ cos C. 

28. Since all the pressures on the curved surface 
make the same angle with the vertical, the whole pressure 
and the resultant pressure are proportional. 

Now the resultant pressure is the weight of the cone, 
.*. the whole pressure is constant. 

29. Let cr, p, p', be the intrinsic weights of the solid 
and of the two fluids, h the height of the cylinder, x the 
length of it in the lower fluid. 

(Ji -'X)p-\'Xp'= h(Tj 

X=:/l. -7 — - . 
P -P 

If p be increased, x is diminished, i.e. the cylinder 
rises. If x becomes x+h^ the upward pressure on the 
cylinder is proportional to 

{h-x-b)p-\-{x-\-b)p'=hr-\-b{p'-p\ 
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le. such as to urge the cylinder hack towards equilihrium. 
.'. the equilihrium is staole. 

30. Let the surface of the fluid intersect the rods in 
2>, E. 

Let P he the stress at J? in a vertical direction, o-, p, 
the intrinsic weights of the rods and fluid. 

Then F+p.CE=<r.BC. 

And taking moments about B for the rod BC, 

a.BC.^^-^p.CB(BE+^^ 

.-. p : <r=BC : CBfl+'^^^BC^ : BC^^BB\ 
^ BE,CE 

Taking moments about A for the rod AB^ 

P,BA^^.BA.?^=^p,AD.^ . 



and ^2)2 :^^=3--2+2 



Whence AB'^^CE {ZBE+BC), 

p ^ p 

This being less than unity 

(T : p<5 : 9. 

Instead of introducing the stress at J?, we might have 
taken moments about A for the equilibrium of the system, 
and about B for the rod BC. 

31. Let the side -4C be divided in the ratio on :\-Xy 
by the surface of the fluid in the first position. 

Then 0-= (1-^)2. 



In the second position the area immersed is 1 - ^ times 
that of the triangle. 
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.*. The pressure on the hinge » weight of displaced fluid 
= (1 - ic^ - weight of triangle) area of triangle - W 



=2PF- 



s/o- 



32. (Tr-P)2+§2 ig the square of the resultant pres- 
sure on the circular base, which is constant so long as its 
centre remains unmoved. 

33. Let k be the height of the cone, r the radius of 
the base. 

The resultant vertical pressure on the horizontal sec- 
tion through the axis is wkr^. 

The weight of the contained fluid 

.'. The resultant vertical pressiure on the curved surface 
= (weight of fluid in cone) ( — 5 J . 

34. Let a be the inclination of the axis to the vertical, 
A its length, A the sectional area, W the weight of fluid 
displaced. 

Difierence of pressure on ends 

=^p . h cos a. A=W cos a. 

Resultant horizontal pressure on the curved surface 

= IT sin a cos a. 

.*. Resultant vertical pressure on the curved surface 

= TTsin^ OL 

.*. The resultant is inclined to the vertical at an angle 

IT 

as is evident, since every part of it is perpendicular to the 
axis. 
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35. Yoliime not immersed : volume of cone 

= 1 : 2^2 = 1 :(V2)^ 

Let ABC be a principal section of the cone, A the 
vertex, B being in tiie surface, ABC being an equilateral 
triangle. 

Since the c. g.'s of the whole cone and of the im- 
immersed portion are in a vertical line, AC m vertical. 

The volume of the unimmersed portion 

= -^-iK . —i^ X that of the whole cone. 

2^2 V3 

Since the area of the section perpendicular to AC is 

-^-.^ of the base. 
Hence the given condition is satisfied. 

36. If ^ be the semi-vertical angle, r the radius of 
the base, h the height. 

a ^_ ^ ^ 
^ •4"sin^'12' 

.'. ^=sin-i J. 

37. Let A be the area of the disc, r the radius of the 
sphere, o- its density, h the depth' of water in the vessel. 

Then ^A=i7rr3(l-o-). 

Lf the sphere be in contact with the disc and only just 
immersed, A=2r, and the equation becomes 

^=§,wr2(l-(r). 

38. If 6 is the inclination of the deck to the horizon 

5 



tan^= 



20 X 21 ' 



and the restorative moment of fluid pressure = 9000 ^ sin 6y 
h being the metacentric height. 

The moment of the 20 tons is 20 x 21 cos ^, 

.-. A=ff =2-24 feet. 
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Examination. 

4. The required height = -^^ x 30 = 72*7 inches 
nearly. 

5. The pressure on each square inch is 1728 times as 
great as before. .*. the pressings on a side are as 1 : 12. 

6. p=kp{l+at). 

The volume is reduced to one-eighth, and .*. the density 
is increased 8-fold. .'. the pressure is 8(H-a^) times as 
great. The smface of the smaller sphere is J that of the 
larger, 

.•. the pressure on it is 2 (1 -i-o^) times that on the larger. 

7. A small aperture made at the highest point of a 
siphon would cause the liquid to flow out of each arm. 

9. The column would be longer, as the vertical dis- 
tance between the top and bottom of it must remain the 
same. 

5 9 14 14 
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12. (i) No effect, if the top of the siphon is less than 
30 inches above the openings of the ends. 

(ii) The mercury flows out of that end which is 
lowest. 

13. The pressure is increased or decreased by an 
amount obtained by multiplying the area of the surfaces 
by the increase or decrease of the atmospheric pressure. 

14. The wood, since it displaces more air and there- 
fore experiences a greater upward pressure. 

15. (i) There will be no change except that part of 
the liquid may flow out of the new hole, if that hole be 
below the level of the liquid into which the shorter arm 
dips. If above that level, the liquid above the hole will 
flow back into the vessel. 

(ii) The liquid above the hole flows on through the 
longer arm, that below it falls back into the vessel. 

16. (i) To prevent the pressure of the steam forcing 
the tea out at the spout. 

(ii) To admit air above the surface of liquid in a 
vessel, so that it may more readily flow out. 

1 7. Required force = ir . 81 . ^ = 1 909 lbs. nearly. 

18. At the same level, since the weight of the glass is 
equal to that of the mercury displaced. 

19. Not imless the top of the siphon is so near the 
greatest height over which it can carry the liquid for 
which it is being used, that the fall in the barometer 
reduces the possible height below the actual. 

20. The weight of the displaced air being diminished, 
the tension of the string will bie increased. 

21. The pressure is reduced in the ratio 3 : 2 by 
each stroke. 



i 
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(i)'>i>(f)"- 

.-.the bladder is fully distended between the fifth and* 
sixth strokes. 

22. i? = ft X 13-59 X if^ g units of force, 

p = -0013 X -4^ units, 

, 5 X 13-59 X 32 oo/,o/%o u x 
.-. ^= 2 X -0013 =^^^^^ *^^*- 



Examples. 

1. The volume is increased and .*. the density dimi- 
nished in the ratio 1 : nK 

.*. the pressure is altered in the ratio in? : 1 +a^. 

2. The pressure being constant, the density varies 
inversely with the absolute temperature. 

3. The formula of Art. (89) becomes in this case, 

where W is the weight of the fluid, and W the weight of 
the piston + the pressure of the external air ; and if n be 
the pressure when p is the density, 

n=itp. 
.*. length of cylinder occupied by fluid. 

=H log (l +-^,) = 5 . ^, approximately. 

W being practically small compared with W. 

4. The new pressure would be /iP if the temperature 
were constant. It is .-. 
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5. Let W be the weight, A the area of the piston, 2a 
the length of the cylinder, a: the height above the base at 
which uie piston is in eqiiilibrium, p the density of the air 
when the piston is in the middle. 

If we write kpA =mW, 

the equation becomes 

a^ - 2ax+2ma {a - a:) =0. 

6. The increase of pressure is kpat per unit area. 

7. If o- be the density of mercury, it is — the height 
of a barometer of the given liquid. 

8. The pressiu-es are as h : h\ and therefore the 
densities of the air are in this ratio. 

9. Let n be the external air-pressure, W the weight 
of the piston, A its area, X the modulus of elasticity, a the 
natural length of the string, t the increase of temperature, 
a; the increase of length of the string. 

Increase of pressure of air within 

= (1 +a^) - 1 X original pressure. 

Increase of tension of string =X - . 

° a 

And original pressure =11-4-1- W. 

a a+x 

10. Let a be the fraction of the air immersed when 
the air is admitted. 

a7+(l-^)-0013=}. 



The length above the surface is changed in the ratio 
•25 : \-x 

= •9987 :1. 
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11. (i) It rises so long as the density of the air 
remains less than that of water. 

(ii) It falls. 

12. Suppose the water to rise x feet. 

15 : 15-^=33} + 15-^ : 33j. 

.•. 4^-255^+900=0. 

The lesser root is 07=3}. 

The greater root is 60, which cannot apply to the 
present problem. 

13. The hexagonal base contains six equilateral tri- 
angles, each one-fovirth that into which the hexagon is 
formed. 

.-. The pressure is increased in the ratio 6 : 4, i.e. 3 : 2. 

14. The pressm*e must be increased to 8 times its 
former value, i.e. the glass must be immersed to a depth 
7A, where h is the height of the water barometer. 

15. The increased pressure causes the air in the enve- 
lope to decrease in volume. 

16. Let a be the depth to which the original open 
surface of the mercmy is lowered, p, cr the densities of 
water and mercury, ^, K the sectional areas of the tube. 

If ;r be the increase of height of the mercury, x is 
made up of a rise of Kx/{K-\-k) in the tube, and a fall of 
kx/{K+k) in the reservoir. 



x=a 



«r(l+f)-p 

If W be the weight of barometer and tube, W the 
weight of an equal volume of water. 
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Tension of string= TT- W + |f^ . 

If a be increased, x is increased, .*. tension is increased. 

17. Let X be the distance of the piston from its 
former position, p the density of the atmosphere. 

Then p p=pcosa. 

Whence ^ = a [(1 + sec^a)^ - sec a]. 

18. Let a be the length of the cylinder, b the length 
of it originally immersed, x the height of the water, n the 
atmospheric pressure, h the height of the water-barometer. 

n+Tn=n 

a — x h 
.'. a^-{a+k)x+bh=0 
determines the height x. 

19. Let a be the length of each barometer, Xy y the 
lengths of the tubes occupied by the air under a pressm-e 
eqiml to that of a length t of mercury. 

a—h a—k 

a—h a-kf ^ 

^h-k K-ld . k-h h!_-ltf 

' ' a-k^ a-k 'a — h' a-h^ 

supposing the temperatiure the same at the two obser- 
vations. 

20. Let X cubic inches be the required volume. 
The pressiure is 

32-5 + ^ 

— X atmospheric pressing. 



32 

20x32 {^^-"^t^ 
" 273-1-87 273-1-15 ' 

Whence a? =17*96... cubic inches. 

B. £i. H. 
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Examination. 

1. The pressure is increased threefold approximately. 
.'. the air occupies one-third of its former volume. 

2. The air will flow out, for its pressure is equal to 
the pressure of the water within the bell, i.e. is greater 
than that of the water at the top of the belL 

3. To a height not exceeding that of the mercurial 
barometer. 

5. Area of piston A =64 times that of the plimger C, 
Pressure on plunger =4x2 = 8 lbs. 

. •. pressure on piston = 64 x 8 = 512 lbs. 

6. The density is diminished by each stroke in the 
ratio 5 : 4. 

/4\3 g4 
Now ( H ) = Tor > ^•®- slightly exceeds ^ 

and ( R ) ~ fioR > ^•®- ^^ considerably less than J. 

.'. the density is diminished one-half early in the 
fourth stroke. 

9. The manometer has to register a pressure ex- 
ceeding that of the atmosphere by three times. 

.*. its length must be not less than f x 30=45 inches. 
[n'-n=2^(r^, see Art. 114.] 
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11. Weight of water discharged per minute 

1 5 Q 1000_50007r„ 

12. Weight of water discharged per miuute 

_£ 3 1000 aOOOw,. 
"4"2'^' 16 ~ 16 ^' 

since the effective range of the piston is only 

33-31^=1 feet. 



Examples. 

/4\6 1024 

1. The density has become ( r ) = ^Toe- of its original 

amount. 

.'. §}^= '67232 of the air has been pmnped out. 

2. The increased pressure, due to the escape of 
carbonic acid gas, would drive out some of the water and 
.*. the displacement being increased without increase of 
weight, the tension of the rope would be diminished. 

3. Weight of water displaced = — pj^-- x W= P-F, 

,'. the bell is in equilibrium, and as in Appendix ii. 
Ex. 8 this equilibrium is unstable. 

4. Suppose a; feet occupied by air 

5 "88-1-07* 

Whence ^ = 1 '83 nearly. 

Let V be the volume of the bell, wF the volume of air 
at atmospheric pressing which is required to fill the bell ; 

then ( 7-1-71 F) 33= F(56-h33-|-5) = 93 r, 

.-. llw=20. 

3—2 
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5. After three strokes, the height of the mercury 

==[2) X 30= 12§ inches nearly. 

6. Let h be the height of the barometer in inch 
^ the rise after four strokes. 

The pressure in the tube after three strokes = tl 
due to a coliunn -5- of merciu-y. .*. pressure in recei^ 

is due to the colimm -o-+5 ; 

but ^^=1+3^, .-. ^ = 6 + 3^. 

3 "*" 3 ^ 15 15 . «y_5 20 

•'• h ~15-^ ^^ 15-^"*"A~3"*"3A' 

If A =30 inches, ^=6*1 inches nearly. 

7. h being the height of the water-barometer, 

-,-A is the depth to which the bell is sunk. 
w-1 ^ 

At the end of one second the depth is 

A+nfeet, 



m — 1 

.'. the amoimt of air to be pumped in 
m 



m— 1 

m , 



\ mj h 



m— 1 



8. Let the length of the stroke be x feet 

4^_33 
10~23' 
.•. ^=3f J=3 feet 7 inches about. 
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9. Let V be the volume of the receiver, v that of the 
l^c^i^i^^ ^19 ^ ^0 volumes of the solid immerued in the 
water and air. er, p, p' the densities of the solid and of 
the air before and after the first stroke of the piston. 

The water rises A ( 1 - - i feet. 



('i) 



If ^ be the area of the base of the receiver, its volume 
becomes 



F-AilA-^'^-(Fa-i/). 



where t/ is the volume of the solid now immersed in water, 
which was formerly in air. 

We have ^{Vi+V^)^V^-\-pV^= v^+i/+p'{V^-i/). 

d V— V 

Whence - = - ^J K determines p. 



P 



10. Let x be the depth to which the bell is immersed, 
1/ the depth of water in it. 

And = -r ; 

a-y h 

hence ^=^(^'-^)+«^^^ = fe + |) (^'-^)- 

11. Let a be the length originally occupied by air, 

h the height of the barometer, 

p the density of the atmosphere, 

Ph the density in the receiver after n strokes 
of the piston, 

X the difference of height required. 
a+5 is the length now occupied by air, 



ah 



X p 

2 



38 CHAPTER VI. 



or a^+2a (a:- A)+^ h (2a+^)=0. 

12. The greatest tension of the piston rod is the 
weight of a column of water equal in length to the vertical 
distance between the spout and the surface of the water 
in the reservoir, and wnose sectional area is the area of 
the barrel of the pump. 

13. Let F, V be the volumes of the receiver and barrel, 
A the area, w the weight of the valve, n the atmospheric 
pressure. The pressm*e in the barrel when the fraction 
X of the nth. descent remains to be accomplished is 

" n-l 

n. 



jc\V-\-v) 



If the valve begins to open at this point, this pressmre 

= to /A ; 

14. Let <r be the density in the receiver at any time. 

If (T Q ^ p 



i3 ^''a-^-k 
the two parts of the barrel will never commimicate ; 

15. The density after n strokes of the piston being p,», 
let the fraction x of the stroke be completed when the 
valve opens. Then 

''"=(ra)"'" 

The press\u*e below the piston 

= j.jj - X atmospheric pressure. 



B 



A-^B' 
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.*. tension of piston rod : atmospheric pressure on 
piston 

A-^Bx • Ka^-B) ' 

^^^\A:fB) • ^''\a+b) ' 

Uv Uv . 

16. We must have — = -—— — ; 

t t+x ' 

TLv 
since the pressm« within the bell is , and t/ is 

unchanged, 

X _ yv' 

t Uv 

AB 

17. The pressure = dTy x atmospheric pressure. 

Increase of pressure = t^ x atmospheric pressure. 

.*. if the pressure increases uniformly, 
AC : CB increases uniformly. 

18. The pressmre is doubled by 20 strokes of the 

/20\^* 
condenser. It is then decreased in the ratio f ^^ ) by 14 

strokes of the pump. 

/20\i* 
Now f^j = -50506.. .=abouti, 

i.e. the density is approximately restored to its original 
value. 
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Examination. 

1. The weight of water displaced by the solid must 
be 7 lbs. 

.'. its sp. gr. is to that of water as 5 : 7. 

2. The weight of A displaced by the solid is 9 lbs. 
The weight of B displaced is 7 lbs. 

.*. the sp. gr.'s of A and B are as 9 : 7. 

3. Equal weights of A and B occupy volumes 

^"256' 266 

respectively. 

.-. their sp. gr.'s are as 1280-27r : 1280-7r. 

6. V being the volume of cork required, and ^tt^^k -^ r. 
^ ^ 1000 X 7*6 

cubic feet being the volume of the iron, 

•24 F+^-=F+ ^ 



1000 • 1000x7-6* 
.-. r=J^cub. ft. 

7. Equal volumes of the body, water, and spirit weigh 

250, 210, and 200 grains respectively. 
.*. the sp. gr. of the body is ff ; 
that of si>irit is |^. 
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8. Let V be the volume of the hydrometer, W its 
weight, a the sectional area of the stem, 8 the sp. gr. of 
water. 

W the weight of the hydrometer = that of a volume 
( V- eta) of water =« ( F- cui), 

Tr+t^= weight of a volume (V+tZ-aa) of liquid A. 

.'. sp. gr. of -4 : sp. gr. of water = 



V+v'-aa 



: «= W+w : W+8t/. 



9. If « is sp. gr. of metal, and o- of spirit, the weight 
of the metal 

= F«=200+r(«-l) = 160+r(«-<r), 

jfrom which F=200, and Fo- =160, 

so that 5(r=4 

10. Since weight of metal in water is 15 oz., and 
weight of metal and wood in water is 10 oz. ; 

.*. weight of water displaced by wood is 25 oz. ; 

.•. sp. gr. of wood=f^=f. 



Examples. 

1. Whole weight of water displaced = 61 lbs. 

42 
The silver displaces -- ^ =4 lbs. 
^ 10*5 

.*. the wood displaces 57 lbs. 

.*. ite sp. gr. =that of water. 

2. Jfwhe the weight of the material, 4w is the weight 
of the sinker in water. 

.'. 2wia the weight of water displaced by the material. 

.*. ite sp. gr. is *5. 
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3. The volume of the metal=l- (-) cubic inches. 

4*34 
Its weight = that of 1+ -5- =3*17 cubic inches of 

water. 

.-. itssp. gr.=^ J X 3-17 = 10-65 nearly. 

4. The weight of the wax = 1 92 grains. 

That of an equal volume of water = 1*8432 grains. 

.'. the weight of a quantity of water equal in volume 
to the crystal =3*3568 grains. 

.*. the sp. gr. of the crystal =1*876 nearly. 

5. The sp. gr.'s are as 7 : 7^=14 : 15. 

6. A quantity of liquid equal in volume to the solid 
weighs 1^ ozs. 

.*. sp. gr. of solid : that of liquid =4 : 3. 

7. Let lOif Wo, ^3, be the weights of the gold, the 
diamond, and a ruby respectively, 

Wi+W2-{- 2w^ = 44 J grains. 



16i^3i^ 3 

The weight of a ruby in water is 2 grains, .*. in air it 
is 3 grains. Hence we obtain 

^2=^i grains. 

8. Let X gallons of water be mixed with one of whiskey. 
Then 

•76H-a?=*8(lH-^); 

.'. ^=-25. 
. * . the price should be ^ . 16 = 12f shillings per gallon. 
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9. If TT is the real weight of the body, and w^ vf the 
real weights of the weighing pieces, we have 

W w 

P P 

The apparent weights of the body are w and vf, 

p w p; 



it follows that 


1- 


29 
30p 


~i^ 


1- 


29 ' 
30p' 




y/' 


-w 




P'- 


-P 



w (p - 1) (30p' - 29) • 

This is an increase or a decrease according as p' > or 
<p. 

10, Let w be the weight of the bottle, V its internal 
volume, V the volume of its material. 

(fay o^> (Tc the sp. gr.'s of -4, J5, C, 
^+^o-c-(F+t;)crb=Ci. 



CHAPTER VIII. 



Examination. 



1 T^ c ' ^ 1728x15 + 1x60 ,,,^0^,, 

1. Pressure of mixture= -^^rzr = 15*026 lbs. 

1729 

per sq. inch. 

3. Dew would be deposited on the furniture, &c., in the 
room. 

o m X i- • i. 3x45-1-6x90 ^_o 

9. Temperature of mixture = = 75 . 

10. The dryness of the air, and its capacity to absorb 
moisture owing to its low pressure, causes evaporation 
from the surface of the skin to go on more rapioly than 
moisture can be supplied from the subjacent tissues. 



Examples. 

1. When the volume is F-l- V and the temperature i, 
the pressure is 

jpF+p'F 

"F+r • 

When the volume is changed to U and the temperature 
to f, the pressm^ becomes 

273 -h^ p V+p' T 

U ' 273-|-« 

= -^ j\ ^{\+a1f-t) where a=^jj. 



t 




t 
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2. The new pressures being w, w*, and r being the 
increase of temperature, (taking t as absolute temperature) 

pr 

.*. the greater increase of pressure takes place where 
the original pressure was the greater. 

Pressure at temperature zero= — -— . — - ; 

^ t 

or if < represent temperature on the centigrade scale, 

3. If 6° be the final temperature, 

2(100-^)x-12 = (5-|-16x-2)(^-20) 

4. In this case, with same notation, 
•12(120-^) + 2x-l(90-^)=(6 + 10x-2)(^-10); 

.-. ^ = 13'*^^. 

5. The space being saturated with vapom*, one-half 
of it is condensed when the compression takes place. 

Hence while the pressure of the air is doubled, that of 
the vapoiu' remains unaltered. 

Hence the difference of the observed pressures is the 
required original pressure of the air free fvoxn vapom*. 

6. The air in the ball-room was satiu-ated with mois- 
ture in the form of vapom*. This being suddenly frozen, 
became snow, when the temperature of the room was 
suddenly lowered below freezing-point. 

7. The pressures (reduced to zero) in the air-space, 
are as 

jE'i(l-eii) : ^2(1-^^2); 
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.'.a being the required ratio, 



or 



"-[E^il-et^)] 



8. The pressure on the under side of the piston never 
rises beyond twice its original value. 

That above the piston is j its original value. 

. • . the weight of the piston = 2 — | = J original pressure 
on it. 

9. The vapour in the space above the water being 
condensed, the temperature of the water is above ite 
boiling-point at the reduced pressiu'e. 

10. The freezing-point is lowered -3° .-. '15 of the heat 
required to raise the whole mass (if melted) through 1° is 
set free and expended in melting a portion of the mass. 

'15 
.'. the mass melted is -^ = rather less than ^^th of 

the whole. 

Or thus, the lowering of temperature =(*0076) '40= '3; 
so that - '3^ is the final temperature. 

Let the portion x of the mass of ice if be melted ; then 
79^= heat taken out of x of water 
+heat taken out of i/"-^ of ice 
=^(-3)+i(if-^)(-3), 
taking the specific heat of water to be unity. 

From this equation, 

X _ -3 _ 3 _ 1 

if "" 158 ~ -3 " 1577 " 526 ^^^^' 
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Examples. 

1. We have (see Art 159) 

,\ when ON remains constant, the difference of pres- 
sure varies as the difference of the values of QN^. 

2. Let t be the latus rectum of the vessel, 

-? is that of the liquid surface. 

The volume of a paraboloid being one-half that of 
the cylinder on the same base and of the same height, the 
sur&oe of the fluid must bisect the axis of the vessel. 

.'. r being the radius of the rim, 

=2. 



3. Let a> be the angular velocity of rotation, 

h the height, r the radius of the cylinder, 

X the depth immersed, 

(T, p the densities of solid and fluid. 

P ^ 
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4. The common surface must be a surface of equal 
pressiu*e in both liquids, which is possible, since the latera 
i-ecta of the surfaces of equilibriiun is independent of the 
densities of the fluids. 

The surface is .*. a paraboloid of revolution. 

5. If the paraboloidal surface touches the surface of 
the cone at the rim, 

A2tan2a=^ . 5 and .-. a>2=?cot2a, 
©* 2 h 

If © < cot o ^/j-y the depth of the vertex of the para- 
boloid below the rim of the cone 



=^-^ « = -s~ > where r=Atana, 
«2 2^ ' ' 



and the volume which runs over= Jtir^ . o • 

if 

If «^=? cot^o, this is JitA^ tan^o. 

If «* >% cot^o, the liquid left in the cone will touch its 
surface in a circle of radius 2^ tan a, such that 

(2a7tana)2=?^^. 

Hence x=g cot^al2ai% and the volume of liquid left in 
the cone 

= Jtt^ tan^a . 2x - ^a;^ tan^a 

_ TT ^cot^g 
""48" ©6 * 

6. If X is the part of the axis not immersed, and a 
the radius of the bowl, the quantity which runs over is 

hra^x, where ^=- « — , and is therefore — j- — 
^ » 2g ' 4^ 

7. Let P, Q he the free surfaces of the liquid in the 
tube, ANM the axis of rotation, C the centre of the ellipse. 
Then PQ passes through C, the tube being half fiilL 
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Draw PN^ QM, CBy perpendicular to the axis of 
rotation 

. tan^- ^^--^^ - ^ - ^ 
•• ^^^-AM-AN~<oKCR~ioY 

8. If we imagine the cylinder extended and the free 
surface completed to the curved surface of the cylinder, 
we see that the pressure on the upper end is equal to the 
weight of a volume 

^Tra^ . -— — of liquid, 
i.e. it IS ffP^^ • ~r~ ' 

if 

That on the lower end=^p7ra^ -^ +h\. 
The pressure on the cmred surface 

=ffp7rah(h+-—j, 

9. If FT be the weight of the bowl, a its radius, 

W together with the weight of fluid in the bowl must 
be equal to the weight of fluid in a cylinder on the same 
base as the hemisphere and having a length a of its axis 
immersed in rotating fluid. 

10. Let r be the distance of the cork from the axis, 
Wy W the weights of the cork and of the water it displaces. 

B. £• Ht 4 



2^2 
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The fluid pressure is equivalent to a force vertically up- 
wards, equal to TF, and a force to the axis equal to — oV. 

if 

Let T be tension of string, and 6 its inclination to the 
vertical. 

Then 2^cos^= TT-t^, and — wV-rsin ^= - «V, 

9 9 ' 

W w 

so that — «Vcos ^=- wVcos ^-|-( W-w) sin 6. 

9 9 ^ 

If a be the radius of the cylinder, and I the length of 
the string, 

a=r4-^ sin ^. 

These equations determine r and 6. 

11. 0) being the required velocity, 

12. In this case we have 



6^ ••3 ^-a'^-a 

13. If - :}> -^ a, i.e. m <^ 2^2g/ay the free surface does 
not intersect the side tubes and .'.no liquid flows out. 

When a) = 2\/2^/a the vertex of the paraboloidal free 
surface is at the point of intersection of the axis of rotation 
and the middle tube. 

The whole pressure on tube at rest 

=^gpa X surface of tube. 

The pressure on the middle tube' when rotating is J of 
what it was before since the area of the segment of the 
parabola =§ area of circumscribing square. 

. • . whole pressure on tube = ^gpa x surface of tube. 
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1 4. Let ABhea, section of the surface of equal pressure 
which cuts the sphere (centre 0) at right angles at P, 
CAN being the axis of rotation 

Pm=%AN=Zc.AN; 

ccos^ 



(?Bm^6=Zc, 



2 

The real root of which is given by cos 6=\, 
Pressure at P=pressure B,t A=^o>. AE 

( ccos^ a 

16. Suppose the free surface continued above the lid ; 
volume of fluid above lid 

The weight of this is the upward pressure on the lid, 
and the centre of pressure is the centre of the lid, i.e. its 
CQ[, The whole volume of fluid in the cylinder 

.*. weight of lid : weight of fluid =a2 -62 . (j^^}^^ 

16. Replace the spheres by vertical columns of liquid 
of length 6. 

The free paraboloidal surface will pass through the 
tops of these columns, and intersect the axis at the depth 
X below the centre, such that d^m^^'^g^b-^-x). 

The pressure in the tube at the depth y below the 
centre 

which is greatest when y=g<a-\ 



4—2 
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Examples. 

1. The greatest tension in each cylinder is at the 
base. "We have r^h=r'%\ t—whr^ and 1f=why', 

2. t=pr^ and 2t=^p\ 3r, 

.-. p :p'=3 :2. 

3. A bar one square inch in section can support 
4000 lbs. ; .'. the greatest value of t is 400 lbs., and the 
greatest value of ^ is 80 lbs. 

4. If r, / be the radii, e, c' the thicknesses, 

and the strengths are as 

— : -^ or as r^ : r^, 
r r 

5. Let ^a^ be the volume of air, at atmospheric 
pressure n, which is forced in. 

Pressure with radius 6= — rs— n : 
and with radius c = — ^ — n. 

Let t be the tension with radius 6, and f with radius c; 
then 
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and ^:^'=62-a2 :c2-a2, 

so that To ; ^ — ::l^—a^:c^- a\ 

which determines x. 

6. The tension and pressure all along the band being 
the same, the curvature is the same, i.e. the band lies in a 
circular arc. 

Let r be the radius of the circle at any time, 
2a the angle subtended at the centre, 
2a the unstretched length of the band, 
b the depth of the box, p the pressure inside ; 
a=rsina; t={U-p)r. 

And 2ra= 2a (l +|] = 2a + 2ar 5z£ j 

U—p 
.*. o— sma=a. — r-^. 

A 

When the band touches the bottom of the box, 

r (1 - cos a) = 6 ; 

ox 1* 

.*. a=2tan~^-; 

a 

and n-i3= 2tan-i „-— r^ . 

<i\_ a a^+b^J 

If 6 > 2a, the arc will gradually become a semicircle, 
and then the ends will be flattened against the vertical 
sides of the box, the firee portion forming a semicircle. 

7. At a depth h below the surface, the tension is gpha. 

Let 26 be the length of the side of the box, 

r the radius of the curved portions of the membrane. 
27rr+4(26-2r) = 27ra; 
46 — Tra 



r= 



4-7r ' 
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4h — ira 



.*. the tension at a depth h^gph . 
The change =flrpA . — \ ; 

4 — TT 



4- 



TT 



.-. change : origmal tension=4(a-6) : a(4-ir). 

8. If ^, r be the increase of pressure and radius, a 
being the original radius, t the tension, 

t Xr 

\' a 

But t=p(a-\-r); 

r— ^ 



\-pa' 
If r=a, X=2pa. 

9. The pressure at a depth h=p {^to^a^+gh) ; 

/ . the tension = pa (^w^a^ + gh), 

10. The pressure at the foot of the main 

= 300 X 62*5 = 18750 lbs. per sq. foot. 

If r be the required thickness in inches, 

5x2240r=^S^j^xf; 
••• '•=^iiy nearly. 

11. Let T be the required thickness in inches 

.'. T=^4:inch. 
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1. If 2>, ^ be the middle points of the sides, DE is 
parallel to AB, i.e. is horizontal. 

.'. the line joining the centres of gravity of OAC and 
OBC is horizontal. 

.*. pressure on OCA : pressure on OCB 
= area of OCA : area of OCB 
= sin ^B : sin ^A, 

2. When the centre of gravity is in the surface, the 
addition of a small quantity of water will obviously raise 
the centre of gravity of the whole. 

Further, if a small quantity A be abstracted, the c.g. of 
the remainder B must be above the surface, for 5, together 
with A, which certainly has its c.g. below the surface, form 
a mass whose c.g. is in the surface. 

Hence, since either addition or subtraction of water 
raises the c.g., it must be in its lowest position when in 
the surface of the liquid. 

3. Let h be the height of the cone, x the depth of the 
dividing plane below the vertex, 2o the angle of the cone. 

Area of conical surface above the dividing plane 

=7r^2 tan^ a cosec a. 

Its C.G. is at a depth §^. 

.•. the whole pressure on it is \g^a^ tan^ a coaec a. 
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The whole pressure on the whole cone is 

%gpnh^ tan^ a cosec o ; 
.-. a^^\h\ or x=h/i/2. 

If the vertex be downwards, the c.G. of the portion 
cut off is at a depth -5 + « ; 

. • . pressure on lower part = wp^^ ( 9 "*" q ) **^^« cosec a. 
Pressure on whole = ^rrpffh^ tan^ a cosec a ; 

^ = - or - A. 

The solution ^ = - A is obviously unsuited to the 
present problem. 

4. The depth of the c.G. of the curved surface is 

h tan a . cos a+ JA sin a=-^ sin o; 

. • . whole pressure on it = ^irpgh? tan* a. 
Whole pressure on the base =7rp^A2 tan* a . A sin a ; 
.*. pressure on curved surface : pressure on base 

= 4 : 3 sin a. 

6. Let Xr be the depth of the point at which the rth 
line of division meets BC, 

The triangle boimded hy AB and this line has (if 
AB^&j an area 

and its c.G. is at a depth \x^. 

If p be the perpendicular firom C on AB, 
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pressure on above triangle =Jc^^2, 
pressure on whole triangle =Jop2; 

.'. the rth point of division of BC cuts off a fraction 
JrlJn of the whole. 

6. If p be the density of the solid, 2p, 3p, 4p are the 
densities of the fluids. 

The mixture of equal volumes has a density 3p ; 
.*. ^ of the solid is immersed m it. 

The mixture of equal weights has a density 

3 36 



•'• Jt ^^ ^^® solid is immersed in it. 

7. The volimie of the cone=§irr3 = that of the hemi- 
sphere ; 

.'. the fluids are of equal density. 

8. If the curved sm-face be turned upwards, 

pressure on curved siuface=^p . Stit^ . ^=gpnr^, 

pressure on base=^p . r . itt^—gp . ttt^; 
.'. the pressures are equal. 

If the curved siuface be tiumed downwards, the pressure 
on it is 

Zr 

= 3 times the pressure on the base. 

9. Let X be the depth of the vertex, p the latus -rectum 
of the parabola. 

Area immersed = §jt? . Jpx ; 
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••• ^=*© • 



10. The original volume of air when the sphere just 
closes the cylinder is 

If GT be the pressure of the air in final equilibrium, n 
the atmospheric pressure, x the distance of the centre of 
the sphere from the base of the cylinder, 

(ar-n)7rr2=]F, 
and volume of air finally =7rr2 . x - Inr^ ; 

w W 



n Tir^. n' 

11. HI feet be the unit of length, the measure of the 

_ 1 

acceleration of gravity is '^ . ^ and, as this is unity, it 

follows that ?=8. 

The mass of imit volume of the standard must be a 
poimd, i.e. the mass of 512 cubic feet is one poimd. 

Now the mass of 512 cubic feet of water is 32000 lbs. ; 
.*. the ratio of the densities is 1 : 32000. 

12. Let a be the semi-vertical angle of the cone, x the 
depth of axis immersed. 

Volume immersed =:^:r .ir.a^ tan^o, and is constant. 
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Surface immersed^ir^tan^a . cosec a. 
Hence this latter is least when a; sin a is greatest. 
Now a^ tan* a is constant ; 

.'. ^ sin a is greatest when sin^ a cot* a is greatest, 
i.e. sin a cos* a is greatest, 
sin a+sin 3a is greatest when, 
6 being a small change in a, 

sin (a+^) -sin o= +sin 3o-sin 3 {a-\-B), 

6 cos a = - 3^ COS 3a ; 
.'. cosa= — 12cos3a + 9cosa ; 
.'. cos*o=f and tan*a=J. 

13. If the plane be inclined at an angle 6 to the 
horizontal, the depth of the c.G. of the lower half below 

the centre is - cos 6, 

.'. the pressure on lower portion : pressure on upper 
portion 

=a + - cos 6 '.a--^ cos Q 

= 2-fcos^ ; 2-cos^. 
If this ratio be m : 1, 

2m — mcos^=2+cos B\ 

.'. cos ^=2 -. 

m + 1 

The greatest value of m is 3 when cos ^=1, .'. ^=0. 
The least value of m is 1 when cos ^=0, .'. B=^\. 

14. Let 4a be the latus-rectum, x the distance of 
common siuface from focus. The heights of the free siu*- 
face above the focus are 

r - 2a, / — 2a. 
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That of the common siirface is ^- 2a ; 

.'. p{r—ai)=p'{f-'a))\ 



• • x^— 



P-P' ' 



15. The value of ^ in the new imits is 32. 

The weight of 1 imit volume of water is 4000 lbs. ; 
.*. the imit of weight is 125 lbs. 

16. Let a be the thickness of each stratum. 
The pressure at the bottom is 

^pa[H-2-f3+... + n]=-^^2— ^^rpa. 

At the bottom of the rth stratum, the density is rp and 

r(r+l) 
pressure --^ — -SfP^* 

The depth is ra=h; 

.'. if - = )Er, the density will, when a is indefinitely 
diminished, vary as the depth 

and the pressure = — ^-^ — - gk . -^ 

where r is indefinitely increased. 

17. Let X ,y hQ the heights of the siufaces of the 
two fluids above the base. 

Then ^ + y = height of triangle, 

and X : y=p' : p ; 

.'. x-y : x+y=p'-p : p^+p, 

or, difference of heights of surfaces : height of triangle 

=p -p :p'+P' 
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18. The whole pressures are proportional to the 
pressures at the c.G.'s of the strata, i.e. on the rth piece 
the pressure is proportional to (see 16) 

(rir-l) , r(r+l)\ . . „ 

( 2 + 2 j 9P<^^ i.e- to r2. 

19. The whole pressure on the curved surface is 
(r being the radius) 

irr(l2+22-h32+...n2)^pa2. 

That on the base is 

TTT^.^rp [1-1-2+3+. ..n]a; 

.'. whole pressure =7r^pra — ^ — a + r -^-^ — -. 

If the fluids be mixed the density is 

.*. the pressure on the curved surface is 

2 2^ + 1 
nr.gp, nW — g- ; 

.'. it is increased in the ratio 

7^2 (n+1) n(n-\-l){2n-\-l ) 
2 • 6 ' 

or *Sn : 27i+l. 

If the densities be <r . a+p ,.. *r-\-npy 
the pressure at lowest point of nth stratum is 

^a[<r + <r+p + ... + cr+np] 



r j_^+l 1 
=^wa I <r + —^PJ • 



Whole pressings on curved siufaces 



=irr . go- . n^a^-{-irr . gpa 
That on base is 



2 2^ ^ ^^ n(n + l){2n + l) 



,2 n{n±V) 



irr2 . ^<r . na-\-'nr^ . gpa — ^ 
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If np=kk, 

and n be increased while p and a are decreased indefinitely, 
the pressures become 

nr . ffa-h^ + J irrgkl^ = irrgh^ [o- + \lcK\y 

and irr^gtrh + ^irr^ ^M^ = ttt^ yA [or + i^^]. 

20. Let ^, y be the depths of the vertex below the 
surface in the two positions, 2a the vertical angle of the 
cone. 

Then volume immersed at first =J^ . na^ tan^ a ; 

Volume within cone between these two positions 
Volume of a length y-x ( = 5 ) ^^ *^® cylinder i 



IS 
X 



,rr2 . g. 
Now r^ : a^ tan^ 0= 19 : 6 ; 

X 

. • . volume of length - of cylinder = f| nx^ tan a = twice 

volume of this portion of cone ; .*. the surface of water 
in cylinder rises just sufficiently to keep equilibrium. 

21. Let X be the distance of the c.g. of the surface 
from the axis, B the angle made by the perpendicular from 
the C.G. on the axis with the vertical, >S' the area of the 
surface. The depression of the c.G. in turning through a 
right angle is 

a; (cos ^+ sin ^). 
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In turning through another it is 

.'. ^p/S^(cos^+sin^)=il, 
gpS X (cos B - sin ff) = B, 

The difference between the greatest and least pressures 
is gp8.2x.^ V2 (^H^). 

22. Let 2A be the height, a the semi -vertical angle of 
the cone. 

Area of surface of frustum =7r . Zh^ . tan^ o . cosec a. 

Its C.G. is at a depth x below the vertex where 

,\ x=^h; 

.', whole pressure on curved siuface 

=:gp^h . TT . 3^2 tan^ o . cosec a 
= ^ w^p^' tan a sec a. 
Pressure on base=^p . 2A . tt . 4^^ tan^ a ; 
.*. J^coseco : 8=7 : 6; 
.'. cosec o=2; 
.-. 0=30°. 

23. The weight of the contained fluid is 

^p .-.-=-. IT . 4A2tan2a 
o o 

= i^gph? tan^ a = IF (Say). 

The upward pressure on the curved surface 

=y^gph^ tan^ o cosec a . sin a= ^^gph^ tan^ a. 

The upward pressure on the cover 

=gp . TT . A^tan^o . h\ 
. • . whole upward pressure of fluid = ^ ngph^ tan^ a = ^ fF; 
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.*. if the weight of the vessel be less than ^W it will 
be lifted. 

24. If r be the radius of the cylinder, h the height of 
the cone, the volume immersed is 

8 '3* ^=A'«^- ^• 

If the surface of the fluid in the cylinder rise a distance 
^, the volume of the slice x of the cylinder outside the 
cone + that of a slice a? of the cone = J vol. of cone = vol. of 
a slice ^ A of the cylinder; 

25. Let a be the depth of the fluid, h the height of the 
cone. Whole pressure on curved surface of cone 

=area of surface . (a - JA) . gp ; 

. • . vertical pressure = area of base . ^p (« - J h), 
weight of cone = area of base ,ga-.^k. 

Upward pressure on 5= vol. ot B . g{p — a)\ 



^) 



we must have vol. of 5= voL of cone 



26. The curve of buoyancy is a similar and similarly 
situated concentric ellipse, and in whatever position the 
ellipse is held, with its centre in the surface, tne resultant 
fluid pressure is in the direction of the normal at the 
lowest point of the curve of buoyancy. 

If the axis is horizontal, and the ellipse then slightly 
displaced, the normal at the lowest point of the buoyancy 
curve will intersect the minor axis above the centre of the 
ellipse. The equilibrium is therefore stable; and, similarly, 
the equihbrium is unstable when the axis is vertical. 

Or we can reduce the problem to the case of an elliptic 
lamina, resting with its plane vertical on a horizontal plane, 
and then treat the question in the same manner. See 
Art. 66. 



MISCELLANEOUS PROBLEMS. 65 

27. If 5^ be tension of each string, a length of side, 
the moment of forces tending to keep a face in position 

= TpJZ X height of tetrahedron =^T ^2,a, 

The centre of pressure on a face is halfway down. 

2 /O 

The pressure is ^p . J height x —~ = weight of fluid. 

.-. '^ weight of fluid =^V2. a. 
.-. T: Tr=V3 :4V2. 

28. Let -i^^i, i^2v ^ *^6 weights and p^, pg,... the 
densities. When totally immersed they will be able to rest 
if the weight of the displaced liquid is equal to the sum of 
their weights ; hence, if a- is the density of the liquid. 

If they are required to rest in any position, we must in 
addition have their c.G. coincident with the c.G. of the 
displaced liquid, i.e. with the g.g. of homogeneous bodies 
of the same volume. 

Hence if ^r^, ^2 >••• ^^ their distances from a fixed point 
in the rod, we must have 

7,{wx) 



2{w) 



Applying this condition, 

W^x- W^y p^ ^ Pa ^ 

Tfi + PF2+ ^3 " "^T^^T^ 

Pi P2 Ps 






B. S. H. 
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29. It is clear that one position of equilibrium is when 
the rod is vertical 

If there is another let 6 be the inclination of the rod to 
the vertical 

then if p, p' are the densities of the lower and upper 
liquids, and o- the density of the rod, 

1 9 9/1. // ^. a+csec^ a^ 
i p<? sec2 ^+p (a- c sec B) ^ ~^'^^ 

.-. cos2^=-2.^, 

so that there is another position of equilibrium if 
(r>p, and <P (p-p')<a^{a" p'). 

Considering the vertical position, give the rod a slight 
displacement ; 

Then the moment of the forces about the lower end 
varies as 

p' (a2 - c2sec2 B) -\-p<^Q^^B - va\ 

eras c2(p-p')sec2^-a2(^_p')^ 

and this is positive if 

c2(p~pO>a«(cr-pO, 

which is the condition that the vertical position is the only 
one possible. 

If the moment is negative, the inclined position is one 
of stable equilibrium, 

30. Let a be the length of the cylinder, x the portion 
of it filled with air, n the atmospheric pressure, A the height 
of the water-barometer. 

The pressure of the air is — n. 

-:- - :i7 is diflference of heights of water inside and 
outside. 
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3a 

/. 2ah+3€u:-4a^=4xh, 
4a'2+^(4^- 3a)-2aA=0. 

The positive root of this equation gives the required 
value of x. 

31. Let 3a, 35 he the lengths of the sides of the 
parallelogram. The lines of division trisect the opposite 
sides of we figure. 

The depths of the c.g.'s of the triangular poi-tions are 

3a2-|-62 



S . [z^/d 



2+62-26. ^ 



VaH62/ ^^/a^+b^ 



. o 3624.a2 

and it - J- — - - . 

The areas are each 3ah, 
.-. P.=^p.3a6..?.-^=p = 2^pa6.-^-_, 
p . , 362+a2 

I\ + F^+P^=gp . 9a6 . f A^^l^T¥=2^gp ah '^¥+b^] 

and Pi+P3 = 8^pa6. V«H62, 
.-. P2=^gpabsJ^^Wy 
.-. Pi : Pg : P3=4(3a2+62) : ll(a24.62) . 4(a2-|-362), 
and 16^2=11 (A + AX 

32. Let p be the density of the liquid, h the height of 
the cone, r the radius of the base, so that r=/i tan a. 

The whole pressure on the curved surface is 

gp^^h, r2 coseo a. 
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The pressure on the base is gphm^, 

P 2 + 3sma 

• _„ 

P Sin a 

In the second case the depth of c.G. of surface is 
diminished in the ratio of 1 : cos 6, 

P_ 24-3 sing 

• • "^j ~— • • cos (7. 

jP sin a 

P' remaining unchanged. 

33. The centre of pressure of any face divides the 
height in the ratio 3 : 1. 

If a be the length of an edge, 

Height of tetrahedron =VS . «. 

Height of a face = o ^ 

Let W^whQ weights of the fluid and a face. 

The pressure on a face 

—gp X § height of tetrahedron x area of a face = 2 TT. 

.'. ^ . t; . ^ « must be not less than 2 TT . - . %-- a, 
9 2 4 2 

9TF 
i.e. w not less than —^ . 

34. Let r be the radius of the cylinder, W its weight, 
IS the pressure of the vapour, n that of the atmosphere. 

If (3ot - n) 7rr2< TT, the vapour will be condensed 
i.e. W must be not >(3«J' - U) ttt^. 

35. The pressure will increase most in the larger bulb 
and therefore there will be a movement of the index. 
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36. Let X be the depth of air in the inverted cone 
when vertex is in the surface. 



Its pressure is 






V being the volume of the cone. 

(m + l)Tf=^pF=57 
~ h ' 



X 

a^ a 



37. A volume 2nAl is pumped out per minute. 

2nAl 

is the velocity per minute with which it 



B 



issues. 



38. Let a be the length of the cylinder, x the length 
of it filled with air at any time, h the height of the water 
barometer. 

d d — X 



water will flow over. 



.^ a X a 
I.e. if - +y - T>1. 
X h h 
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The limit is reached when the inequality becomes an 
equality, 

i.e. a^-'{k+a)x-\-ah=0, 

{x-k){x—a)=0, 

i.e. x=aoTX=h, 

i.e. if once started, water may be poured in till its depth 
equals the height of the water barometer before any flows 
over. 

li x<h the piston will not begin to sink at alL The 
water runs over from the beginning. 

39. The pressure in the interior cylinder is - n, 

-h+{a — i/)=^k+a—x, .*. — =-A=y-^. 

x-y a 

^■" 2 ~r 

(a '-x){(i- 2^) =^A, 
.-. 2a:2_^ (3^+^)4.02=0, 

.-. 4y=a-A+VaH6aA+A«. 

40. If 4a, Tra be the sides, 

The area is ^c^, 

.'. the parts external to both semi-circles - the part 
conmion to both 

=47ra2-7r . 4a2=0. 

.*. the area of the conmion part = the area of the parts 
external to both. 
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And in the given position the c.g/s of the one part and 
of the others taken together are each at the centre of the 
rectangle. 

/. the pressures are the same. 

41. Let C be the centre of the rectangular hyperbola. 

PN a perpendicular on the transverse axis. 

PTt the tangent at P to the curve, cutting the axes 
in T,U 

The horizontal sections of the columns of water standing 
on an element of smface near P in the two cases are as 

Ct : CT, 

The heights of the columns are PN and CN^ 

.*. the pressures are as 

PN , Ct : CN , CT=BC^ : AC\ 

i.e. they are equal. 

Thus since the pressures on every small portion of the 
area are the same in the two cases, the pressures are equal 
on any finite area. 

42. Let a be the semi- vertical angle, 2A the height of 
either cone. 

The area of the surface of the lower cone is 

47rA2 tan a . sec a. 

28 
.'. the whole pressure on it is — gpirh^sm a. 

28 
.*. the resultant pressure is — ^rpn-A^ tan^ «. 

<j 

The weight of the fluid in the upper cone is 

^ gifyrrh^ ta,n^ a. 
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If TT be the weight of fluid either cone can contain, w 
the weight of either cone, 

28 
2w + Igpnh^ tan^ a = -r- ffpTrh^ tan^ a, 

.-. w : W=27 : 16. 

43. Let a be the side of the square and let CJS=:b, 
The whole pressure on the square =^aK 

The whole pressure on the triangle BCE is 

^b . ^wa = ^a^b ; 

/. J&=Ja; .'. 6= fa. 

.*. the distance of the centre of pressure of BCB 
from BC 

Its distance from CD=\a, 

The centre of pressure of the square is Ja from CD ; 

. *. the distance between these two = a V (xV)^ + (^)^ 

= ^gV505. 

Since the centre of pressure of the other part of the 
square and that of the triangle must be equidistant from 
the centre of pressure of the whole square, the distance 
between the two centres of pressure 

44. Let a be the side of the square, B the inclination 
at which the moveable side is inclined to the horizontal, 
and W its weight ; 
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then, taking moments about the hinge, 

W . 5 QO^B=wa^ . Q sm ^ . ^ ; 

/. tan^= — o. 

46. Let ^+a, ^- a be the inclinations of the two radii 
to the radius in the surface, a the radius. 

The C.G. of the sector is on the bisecting radius at a 
distance § . from the centre ; 

•X J , , . „ a sin a sin 6 
.'. its depth IS § ; 

. , . o « sin a sin $ „ 
.'. the pressure ibw,^ . aa^ 

= ^wa^ sin a sin ^ = Itm^ {cos (^ - o) - cos (^+ a)}. 
The pressure on the whole =^wa^. 

If $=a and the pressure on the sector is iwa% 
J=l - cos 2^=2 sin2^; 
.-. sin^=J; .-. ^=30°. 

.-. the bounding radius makes an angle of 60** with the 
radius in the surfew^e. 

46. Since the cylinder may be divided into narrow 
vertical strips, the centre of pressure of each of which 
divides its length in the ratio 2:1, the centre of pressure 
of the whole is at this same depth. 

It is also obviously at the o.G. of the section of the 
cylindrical surface at tnis depth. 

47. In each case the centre of pressure must be at the 
same depth as that of the triangle intercepted by the two 
given planes on the vertical plane through the axis perpen- 
dicular to the given radius ; 
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.'. it divides the height in the ratio 3 : 1 in the first 
case. 

It bisects the height in the second case. 

48. Let h be the height of the 'pyramid, A the area of 
the base, d the depth of the centre of the base. 

The horizontal pressure on the inclined surfaces = that 
on the h2iSQ=wAd. 

The vertical pressure on the inclined surfaces = weight 
of fluid displaced = Ji(;^ A = W (s&j) ; 

.*. Resultant pressure = W a/ 1 + -^g- . 

And it is inclined at an angle tan~i -r- to the vertical. 

If the base be inclined to the vertical at an angle ^, 
The horizontal component of the pressure 

=^gpAd cos 6 = — r— cos 6, 

ZWd 
The vertical component = W±, , sin^. 

.*. the resultant = W a/ 1 ± -r sin ^ 4- -r^ . 

And it is inclined to the vertical at an angle 

Zdoo&B 



tan"i 



A+3rfsin^' 



The upper sign applies if the vertex is depressed below 
the centre of the base, the lower in the contrary case. 

49. If A be the perpendicular distance of the base 
from the vertex, a the radius of the base, d the depth of 
the centre of the base, 

Horizontal pressure on curved surface = ^<wi^. c?. 
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Vertical pressiire=Jt^a2.A= TF, the weight of fluid 
displaced; 

/ 9^2 

.'. Eesultant pressure= W a/ 1 +-T2- • 

50. The resultant pressure on the fluid is equal to its 
weight and acts vertically through its centre of gravity, 
and this is equal and opposite to the resultant pressiu*e on 
the curved surfaces of the cone. 

Now the C.G. of the fluid is in a Hne joining the vertex 
to the centre of the base and divides that line in the ratio 
1 : 3. 

.'. if a vertical be drawn through the centre of the base 
to meet the curved surface, and the line joining its point 
of intersection with that surface to the vertex be divided 
in the ratio 1 : 3, the point thus obtained is the centre of 
pressure required, while the pressure is equal to the weight 
of the contained fluid. 

51. Since the diameter through the point of contact 
bisects all horizontal chords, the centre of pressure always 
lies in that diameter. 

Let B be the angle between that diameter and the 
horizontal. 

If QyQ! be any ordinate, PF being the diameter, 
eF2=4S'P. P r=44/Srcosec2^. PF 
= AAS, cosec3 B . (depth of F). 

.*. if the area be divided by a number of horizontal 
lines which remain always at the same depths, the portions 
between any two such consecutive lines are increased in 

area in the ratio cosec*^ : 1. 

.'. all the pressures being increased in the same 
proportion, the centre of pressure remains at the same 
depth. 

52. The resultant horizontal pressure on the part 
described is equal to that on the corresponding portion of 
the triangular plane face of the half cone. 
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Now the depth of the c.g. of a cone and of the centre of 
pressure of an isosceles triangle whose vertex is in the 
surface, is in each case f of the height, and they are 
therefore in this case in the same horizontal line. 

From this the required result is obvious, on drawing a 
figure. 

53. The contained air is cooled by expansion and any 
moisture in it becomes condensed. 

54. The pressure at all points being normal to the 
surface, the resultant pressure must act through the centre 
of the sphere. 

The horizontal component = the pressure on the dia- 
metral plane ^wnd^^ 
and the vertical component = ^wrrci^^ W (say) ; 
. *. the resultant = J W^ 1 3, 
and the inclination to the vertical =tan-i §. 

55. If 2$ is the angle between the planes, and 2a the 
angle of the cone, 

the pressure on each triangular face=2^ . ^h^ tan a . JA ; 

. •. resultant horizontal pressure = ^h^ tan a sin $, 
the vertical pressure = ^whBh? tan^ a = TF ; 

.-. resultant pressure = W, aJi + 6^ tan^ a cosec^ ^, 
and is inclined to the vertical at the angle 

, - sin ^ 
tan~^ :;t - 



6 tan a * 

56. The pressure on the plane faces are double those 
in the previous question, as is also the pressure on the 
curved surface. 

The direction of the resultant is therefore unchanged, 
while its magnitude is doubled. 
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57. Let 2d be the depth, A the area of the cylinder, 
2 W the weight of water it would contain. 

Its weight = W=wAd, 

Let a: be the depth of the stop. 

The pressure of the air inside exceeds that outside by 

W/A=wd. 

If A be the height of the water barometer, r/ the depth 
of the water below the stop, 

A-HH-y _ c? __ A 4- c? 
A ~y" ~A~' 

hd 



.*. x=d- 



h^-d' 



If there be a hole in the stop and u be now its depth, v 
the length of the coliunn of air in the cylinder, 

h+u-d-\-v ^^d _h-\'d 

= 2^. Q. E. D. 

58. At temperature zero let the portion not immersed 
occupy a length z of the tube. 

If l! be the real temperature of the liquid, we should 
have (on wholly immersing the instrument), 



1+ 



r^+6480 J t'-r 

=^ 1^^6480 -^r^^+64i 



6480 
+6480 
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r4-6480^ r4-6480' 



.-. i-t^ 



6480+r-m* 



59. We have to find the weight of the liquid which 
would fill the space between the cone, vertical lines through 
all points of its base and a paraboloidal surface of semi- 
latus rectiun ^/©^ and vertex at the vertex of the cone. 

If ^ be the height of such a surface 

A2tan2a=^/?r. 

The required weight : that of the fluid in the cone as 

3 ■*"2 '• 3' 



60. Let h be the height, 2a the vertical angle of the 
cone. 

Horizontal pressure on the base=i^7rA^tan3a. 
Vertical pressure on the curved surface 

= ^wirh? tan^ a = TF. 

. *. the resultant = TT V i + 9 tan^ a, 
and makes an angle tan ~i 3 tan a with the vertical. 
It acts through the c.G. of the cone ; 
.-. (1) If its direction passes through C 

I Atana=3tana ; 

.*. tana=J. 
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(2) If it is parallel to a generator 

cot a = 3 tan a ; 

/. tana=-,^, .'. a=30°, 

. It can never be perpendicular to a generating line, for in 
that case it would make an angle a with the vertical. This 
could only be if a =0, i.e. the cone would become a straight 
line. 

61. The areas of the two portions of the surface are 
as 3 : 1. 

Let p, p' be the densities of the fluids. 

The pressures at the depths of the c.G.'s of the two 
portions are as fp : p-f Jp'; 

/. the whole pressures are as 

ip : pHp' 
=4p : 3p-fp'. 

62. Let X : V he the ratio in which the sides are 
divided. Then the pressures being equal at the two ends 
of the horizontal side, 

/. 2y=^, 
or 07 : 3^=2 : 1. 

63. The depth of the vertex of the paraboloidal surface 
when the water has ceased to flow over is -«— , 

The volume of water which has run over is .*. 

=f — X volimie of hemisphere. 
.*. the pressure on the table : original weight of liquid 
= l-|---:l = 8^-3a)V:8^. 

•7 
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64. The free surface would cut the cylinder at a 

distance -z: — above the top ; 
2g ^' 

.*. the pressure on the top is 

TT Ag ^ g ' 

2a being the angle of the wedge. 

66. The whole pressure on the curved surface is that 
which would be produced on the same surface by fluid 

rising to a height — — above its actual height ; 

.\ h being the height, the pressure is 

2aTk . (| + ^')=arA2+ar3a)2%. 

66. If we take c as the side of the isosceles triangle, 
and if we take c such that 

2 c __ a __3a 

the problem is the same as problem 9, page 207. 

67. The pressure on the base remains constant, R 

(say). 

If TT be the weight of water displaced 

.-. TfHi22+2TF72a=P2. 
Similarly W^+R^-^-^ WR8! = F\ 

68. If 6 is the inclination of the axis to the vertical 

tan ^=A tan a ~ ::=4 tan a. 

4 
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The pressure on the haae=gp7rh^ toxica sin 0, 
That on the curved surface 

=gpnh?' tan^a cosec a (A tan a sin ^+ = cos ^ j . 

The ratio of these is 

tana sin ^ : cosec a (tan a sin ^+ J cos 0) 
=4tan2a : coseca{4tan2o+J} 
= 12sin3a : 12sin2o+cos2a 
= 12 sin^a : 1 + 1 1 sin^o. 

69. The horizontal pressure on the curved surface 

= wich^ tan^a sin^^. 

The vertical pressure is 

^wirh^ tan^a + wnh? tan^o sin $ cos 6 ; 

, , tan a sin^^ 

.'. tan0=-=— — 7 ; — }i — ^ 

^ J+tanasm^cosd 

16 tanSg 

" J (1 + 16 tan2a) + 4 tan2o 

48tan3a 



or COt^; 



i+28tan2a' 

28cota+cot3a 

' 48 



70. The only effect of the fluid is to reduce the 
apparent weight of the chain, for the resultant fluid 
pressure on each link is vertical. Thus the form remains 
the same as in air. 

71. Let the surface divide the generating line in the 
ratio 

and let be the angle which the axis makes with the 
vertical, 2a the vertical angle of the cone ; 

.•. cos2a=§. 

B. E. H. 6 



82 MISCELLANEOUS PROBLEMS. 

If ^ be the length of the side of the cone, the centre of 
the liquid surface is distant horizontally from the vertex 

i {xl sin (^- a)+^ sin (6+a)} ; 

.*. the c.G. of the fluid is distant horizontally from the 
vertex 

3^ 



~ {a7sind-o+sin^+a}. 

o 

The point of suspension being vertically over this, 

3Z 



^sin^~a = -^ {^sin^-a+sin^+a}. 
o 

COS (^+tt) _ sin 2B - sin 2a 
^"^ ^"cos(^-a)" sin2(^-a) ' 

.*. 8 sin (^ - a) cos (^- a) 



= 3 {sin ^- a cos ^+a + sin 6-\-a cos ^ - o}, 
4sin2(^-a) = 3sin2^; 
. „^ 4 sin 2a . ,^ 

Vl+SO 9 
.-. sin2(tf-a)=^=sm2a; 

72. Let p, o- be the densities, 6 the inclination, of 
the major axis to the vertical. 

Then the pressures at the common surface being equal 
in the two fluids, 

p(6sin ^+acos^) = o-(acos^-6sin^); 

. * . ban (j ^ — \ — • T • 
<r+p 6 
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73. Let k be the depth of the c.G. of the base. 

The pressure on it is whA, 

If ^ be its inclination to the horizon, the pressure on 
the curved surface has for its 

horizontal component whA sin 6, 

vertical component whA cos B+wV, 
,\ the resultant pressure is w[V^+2hA Fcos 0+h^A^^, 
Pj2 =w^[V^+2a;AVcose+ a^A^], 
^2^=^^ [F2+2y A Fcos B+fA% 

=w^A^ {po—y){2f — z){z — x), 

74. Considering the equilibrium of a small element 8 
just beneath the surface, and of another just »' above it, 
let T be the tension at the surface, and let ^, ^ be the 
small angles between the tangents at the two ends of the 
elements. Then resolving, for each element, along the 
normal at the other end, we obtain, if a is the inclination 
to the horizontal of the string at the surface, 

T sin B=pKS cos (a-f ^), 

T sin ff={p- a) k8 cos (o- ^). 

But, if r, r' are the radii of curvature, 

s=rd and ^=^7^&\ 

,*. making B and & indefinitely small, 

1 1 
-:^::p:p-cr. 

75. If TT be the weight of the piston, A its area, and 

W=A . vsy^ 
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X being the depth of the fluid, if the piston be replaced by 
a depth v of fluid, the pressures throughout are the same, 
and /. the jet rises to a height x-\-y, 

76. Let p, cr be the densities of lead and water. Tlie 
acceleration before reaching the water is ^r, when in the 

water it is - — g^ for the resultant downward force on the 

ball is now its weight diminished by the upward pressure 

of the water, which is - times the weight. 

.'. if F be the velocity on reaching the water, v the 
velocity at a depth Xj 

77. Let A be the volimie of the receiver, B of the 
barrel, t the interval between two successive strokes. 

After r strokes the density of the air is 



( 



ZTsT" 



p being its initial density. 

.*. the acceleration now is J 1 - ( j i p ) f 9- 

The velocity at the nth stroke is 
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Just before the n+lth stroke the velocity is 
78. i;=the limit when n is infinite of 

= the limit of ant , ,. ^ = — = - , 



i 



or . V =ev, 

79. If r, r' be its radii at depths a, Jo, py p^ the 
internal pressures, then^ : p' :: r^ : v^. 

If we neglect atmospheric pressure and also surface 
tension, 

but if we take account of surface tension,* 

p \p'=r^ : 7^, 

2^ 
p — wa^ - , 

^ r 

which equation determines the ratio of the radii in the 
two cases. 



80. Since the volimie of the paraboloid is one-half 

that of a cylinder of same height and base, the depth of 

the vertex of the paraboloid when the water reaches the 

. . 2h 
nm IS — . 
n 
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tt)2 n 



or a 



= 2 /gh 

aV n ' 



81. Let a? be the length of the fluid in the leg ABy 
,', I -a; the length in BC, a the angle ABC, 

Since the free surface must pass through both ends of 
the fluid, its vertex being at the end in AB, 

(I - ^)2 sin^o = -^ {(I - x) cos a -a:} 

is the equation giving a? in terms of L 
We obtain 



i-^ — 2 



2a)2 sin2 - 



^{■-y'-f-i}- 



If • »i'>|cot«|, 

this expression becomes imaginary. 

Now the greatest value which I- a: can have is 
2x sec a. (See Art. 164 (2)). 

.*. if ^> a? (1+2 sec a), 

some of the fluid will run out. 

In the limiting case, 

4^tan2a=-?. A'; 

.'. a7=^COt2a, 
1= ~-2 cot a [cot a + 2 cosec a], 
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2<dH COs2a + 2cosa , « a « 

= :— = cot^ - - cosec^a. 

ff sm^a 2 

.'. before a> reaches the value given, water begins to 
flow out of the tube and continues so to flow till all is 
gone. 

82. Let 2a be the angle between the rods, or, p the 
density of the rods and water, the small angular dis- 
placement, 

00"=^ cp. 

The length of one rod immersed increases to 

c cos a sec (a+ ^) =c (1 + ^ tan a). 
The moment of fluid pressiwe on it roimd A is 
yp . c2 (1 + ^ tan a)2 sin {a+0) 
= ypc^ {sin a+d (sec a + tan a sin o)}. 
The moment of its weight is ^ . gaa . a sin (a+d) 

^\gpac (sin a-\-9 cos o), 

.'. the equilibrium is stable if 

gpiP" . 6 (sec a + tan o sin a) > gpac . B cos a, 

Le. if c (sec a + tan a sin a) > a cos a, 

.« f- . 1-C0s2al ;^ 1+C0s2a 
i.e. if c |1 + 2 1 >a 2 , 

ie. if c(3-cosa))>a(l+costt)); 

•.• a> = 2a. 

83. Any such area as A^A^A^A^ must be a maximum 
consistently with keeping its sides constant. 

.'.it must be inscribable in a circle, and hence the 
whole polygon is inscribable in a circle. 

If jR be the radius of this circle, 

p_ gj _ J% ^3 _ 

smo]^ sma2 smos * 
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84. If A be the height of a cylinder, a its radius, p 
the density of the water in it, w the weight of that water, 

w=pg .irCL^.h, 
The pressure on the curved surface 

= 2»ra ,h,pg , •^=pgTrOLh^ 

h 

= -w. 
a 

If the downward acceleration be /, the pressures are 
all diminished in the ratio g : g -/. 

If the acceleration / be upwards they are increased in 
the ratio ^ : g-\-f. 

.*. the pressures are 

g a' 

?-/^^'. 

g a' 
A d ._y/-w 

g v/'\-w^ 

g v/-\-w* 

If the cylinders be similar the pressures are equal, if 
thej be of equal height, the pressures are in the inverse 
ratio of the radii. 

85. Taking the case of a hole at an angular distance 
6 from the highest point of the circle. 

Its depth is a (1 - cos 0), 
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.-. the time of falling to the level of the lowest point is 



^ 



2a(l-fcos^) 



.*. the distance from the plane face of the point where 
the fluid from this hole meets the horizontal plane through 
the lowest point is 

*j2ga (I- COS B) , w — (H-cos^)=2asin^. 

if 

The horizontal distance from the centre is a sin 6. 

.*. the point lies on a line through the lowest point 
inclined to the vertical face at an angle tan~i2, i.e. the 
trace on the plane is two straight lines. 

86. The air in the jar can vibrate freely in the same 
period as the tuning-fork in the first case, but not in the 
other cases. It is therefore set in vibration, giving out 
the note natural to a jar of that depth in the first case, 
but being unable to vibrate in the same period as the fork 
in the other cases, gives but a slight sound. 

87. The sound of the clapping is reflected from each 
rail and the series following rapidly one on the other and 
falling on the ear produces a sound resembling that pro- 
duced by a cause which sets the air in vibration along a 
definite line, not instantaneously, but in rapid succession. 

88. If TT is given weight, W weight of cone, and w of 
water, 

axjceleration =/= ^_^ ^_^^ g. 
Hence - ./= upward force on the water, 

if 

= resultant vertical pressure - w, 
and whole pressure =cosec a (resultant pressure). 

89. If oTi 1^2 be the new pressures, r the increase of 
temperatiu^, 

mi n 

273+^+r'"273+«' 
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^ n 



273+^-fr 273-f^' 
••• ^^=°0 + 27fc)' 



.*. the increase of pressure is greater in that which had 
the lower temperature originally. 



The pressure at zero in one will be 

273n 
273 



— = n r 1 - ^j approximately. 



That in the other will be n ( 1 -9^) • 

When the air in both is forced into the same vessel, the 
pressure will be the sum of these two, i.e. n f 2 - -^- j . 

90. Let n, w be the two pressures and a=^g, 

n _ mn^ 
273 ""273 + ^ 

.*. n : iff=n^ : l+at, 

91. The mercury expands till it fills 

i (1-0036) = -5018 of the vessel. 

.'. the air now fills '4982 of the vessel. 

If n, cr be the pressures of the air at 0** and 20", 

n X -6 mx -4982 



273 293 

m 293 



• * n 273 X -9964 



= 1-07716... 



MISCELLANEOUS PROBLEMS. 91 

92. If p be the density of the body, <t that of the air, 

l = ? 

m p ' 

When the barometer reading changes from h to A', the 
density of the air becomes -7 cr. 

If It 

It now loses -r - = — r of its weight. 
h p mh ° 

93. Let V be the volume of a given mass of mercury 
at68^ 

At 212° its volume is ^ F. 

The volume of an equal mass of water at 68** is 

13-5681: 

At 212° it is 13-704 x J J V. 

.*. the proportional expansion of water is 

13-704 X 70 - 13-568 x 69 _ 23088 
13-568 X 69 " 936192 ' 

= -02466. . . = ^ nearly. 

94. The area of the surface as far as the rth plane 

= —x whole surface. 
a 

.-. the whole pressmre on this part 

= -^ X pressure on whole. 

hy 



or 
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95. If the hexagon be divided into six triangles by 
joining the angular points to the centre, and if a be the 
depth of the centre, the depths of the centres of gravity are 

a 2a 4a 5a 

3' 3"' ¥' y 

.'. the whole pressures are in these ratios. 
The centres of pressure are at depths 

a 3a 11 17 ,cs «/.^ \ 

The depth of the centre of pressure of the whole 
hexagon is 

H2.2.}+2.4.V + 5.i^ 23 
1+2.2+2.4 + 5 18 

96. The triangle may be divided into a number of 
small triangles with equal bases and the same vertex. 

The centre of pressure of each of these is f its length 
from the vertex. 

.*. the centre of pressure of the whole is in the gene- 
rator of the cylinder which passes through the vertex of 
the triangle, and divides it in the ratio 3:1. 

97. Let V be the volume of each sphere, 
p, p' their densities, <r that of the fluid. 

If possible let equilibrium exist when the spheres are 
at distances a, b from the axis of rotation, and 6 is the 
angle which the string makes with that axis. 

Then, T ainS+av. a^a = pvay^a, 

-Tain6'\-irv, a)^b=pV(o% 
T cos 6 +g<rv =gpfo, 
— T cos 6-^giTV^gp'v, 
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Eliminating T^ we obtain the equations, 

2a-=p+p\ <r{a+b)=pa+p\ 

and ff{cf^b) tan B = 2abo>^ ; 

also, if ^ is the length of the string, ^ sin ^=a- 6 ; we have 
therefore three equations of condition. 

98. Let 20 be the angle between the planes, 2a the 
vertical angle of the cone, and h its height. 

The pressure on each plane face is ^h^ tan a. 

.*. the resultant horizontal pressure on the curved 
surface =JwA3 tan a sin 0, 

The resultant vertical pressure 
.*. the resultant pressure 



= ^wh^ tan a Vsin^^ + ^^ tan^cu 

The C.G. of the surface is at a distance from the centre 

2 h tan a sin 
3* • 

.*. the c.G. of the contained fluid (through which the 

resultant pressiwe acts) is distant ~ ^ from the 

axis, and .*. the line joining it to the centre of the base of the 

cone makes an angle tan"^ ^ with the vertical. 

o 

The resultant pressure makes an angle 

tan~^ -rr-r with the vertical. 

^tana 

.'. its line of action passes through the centre of the 
base if 

tan2o=J, i.e. if a =45'. 
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99. Considering the triangle of forces for each sphere 
it follows that the vertical through the point, 0, bisects 
the distance between the spheres. 

If w is the distance between and the middle point, 

If B is the inclination of the line joining the spheres to 
the horizontal, 

4 4 

.*. sin^= 



Also if P is the excess of fluid pressure over the weight of 
a sphere 

<l>(x) : F :: - : u, 

100. A being the area of the piston, n the atmo- 
spheric pressure, x the length of the string in equilibrium. 

The pressure on the piston is - n . -4. 

a-x- . 
UA. 



•*• ^=^[^-*--W-] 



_la 

.'. x—slla, 

101. Let a be the length of the barometer tube. 

The volume of the air under a pressure '4 inches is 
a -29*4. 

Under pressure '6 inches it is a - 29 '9. 

.-. 6 (a-29-9)=4 (a-29-4) ; 

.'. a =31 '9 inches, 

i.e. when the reading is 29, the air occupies 2*9 inches. 
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If the true reading be x^ the pressure of the air is 

^-29. 
.-. (.r- 29) 2-9 =-5 (a -.29-9) = 1-0, 
29^=851, 
^=29-3448... 

102. If 2A be the length of the cylinder, a length h 
will be in the upper, a length h in the lower liquid. 

The pressure on the upper end is due to a depth h of 
a liquid of density p. 

That on the lower end is due to a depth 2h of liquid of 
density p, and a depth h of liquid of density 3p, i.e. is 
equal to that produced by a depth hh of liquid of density 
p, and is therefore five times that on the upper end. 

103. The pressure on the lower end, being equal to 
the weight of water displaced by the rope, is equal to the 
weight of one-half the immersed rope. 

The tension at the middle section of the immersed 
rope is therefore zero, since the weight of the portion 
below that section is just supported by the fluid pressure 
on the lower end. 

104. If be the depth of the centre of pressure 

22;(a+6+c)=a2+624.c2+6c4-ca+«6. 

The depth of the centre of gravity is — - — . 

«> 

Now 

^"^ 3 "" 2(a+6+c) 3 

a^-\-h^-\'C^-'hc-'Ca — ah 



6(a+6+c) 

(6_c)2+(c-a)2+(a-fe)2 



12(a-V-b-Vc^ 
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105. If one point of the disc of radius R were in the 
surface, the centre of pressure would be at a distance 

- R from the centre. 
r 

The pressure would be gp . irJB?, 

If liquid be now added till the surface is raised to a 
distance h above the centre, the pressure is increased to 
gcyirR^.h, the moment about the horizontal line through 
the centre being unaltered, since the resultant of the 
addition pressures acts through the centre. 

If q be now the distance of the centre of pressure from 
the centre, 

gpirB^ . h . q—g^B? . - /?, 

or q=pR?rrhr. 

106. If the mercury rise through a distance x, the 
air which originally filled a space A-\-kI expands so as to 
fill a space 

A-{-k{1-x)-\-B, 

Its pressure becomes —j— of its original value. 

.-. h{A-\-Kl) = {h-x){A-\-B-^Kl-Kx}. 

If we neglect kx^ we have 

hB KB 



x = 



['-^0 ^p- 



A+B-\-K{l-\-h) A-\-B 

Writing this value for x in the neglected term and in- 
serting it, 

hB r i±A.~|. A^^ 
^^~ A-\'B\} '' A+By'' {A-\'Bf 



hB r, Ah±{A+B) 
A-^B 



r AhHA+B)n 

L {A-\-Bf y 



107. Let 6 be the angle made by the base of the 
hemisphere with the vertical, when the attached weight 
on the rim is just in the surface of the water. 
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The volume of water displaced is ^ ^ 

X volume of hemisphere. 

If tr, TF be the weights of the hemisphere and of the 
water which would fill it 

fw=i. TF(l-cos^)2(2+cosd). 

Also taking moments about the centre (through which 
the fluid pressure passes) 

T . a sm 6=:w . - cos ; 
4 2 

.'. tan ^=2, 

. 1 

/. cos ^ = -7=, 

.-. (1 - cos 6)^ (2 4-cos 0) = ^^'fZ ^^ , 
.-. W:w=26^6 :20V5-28. 

108. Let the external atmospheric pressure increase 
till the water-barometer reading is H+u, 

Let d be the depth of the top of the bell originally. 

The internal pressure is - ZTand also ff+d+a;, 

.-. hH^x^H+d^-x), 

If the bell be free to move, it will continue to displace 
the same volume of water, i.e. x remains imaltered. 

Let y be the amount of its motion, 

h{H-\-v)=x[H-{-u+d-{-y-\-x'\ 
^hH+x{u+y\ 
h-x 



y^u,-— 

X 



S» E» jU. 



98 MISCELLANEOUS PROBLEMS. 

If the bell be held fixed, let z be the fall of the water 
in it. Then 

Neglecting squares of small quantities 

__ h — x 

hH 

= ^H : X 

X 

=Hh+x^ : x^, 

109. If A, h' be the heights of the cones, 
a, jS the areas of their bases, 
the weights of the contained water are as aA : ph\ 

.'. the acceleration is ~T^rop9^f' 
The pressure on the bases are as 

9 9 

which are always equal. 

The weights in the second case are 

The pressures on the bases are as 

(g^f) ah (1 -m) : (jg+f) ^h! {\-n\ 
where ._ oh{\-m^)-»h' {l^n ^) . 

.-. the pressures are as 

(1-^3) (1 - w) : (1 -m3) (1 -n), 
i.e. as l+n+n^ : l+m+m*. 
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110. If the required point divide the side of the cone 
in the ratio x '.\-0G^h being the height, 2a the angle of 
the cone, 

The water issues with a vertical velocity upwards 
*sj^ghx sin a and a horizontal velocity \l^ghx cos a. 

If it is to fall just outside the base, the time of flight 
must be 

(1 - 0?) A tan a 

\llghx cos a 
,'. (1 -^) A=the vertical space described in this time, 

_, (l-a?)^A.^tan^a /9-T- • (1 -a?) A tan a ^ 
"2^ ^ghx cos2a ^ ®^^ " • V^^^osT ' 

_ (l-a:)tan2a . „ 

. • . 1 = --, — ^— „ tan^a, 

407 cos^a 

or ( 1 "" ^) tan^a = ^x, 

tan^a 



^ = 



4 + tan2a* 



111. The time of vibration of the fifth of (7 is § that 
of G and therefore $ that of C 

112. Let p, <r be the densities of the fluid and pyra- 
mid. 

The depth immersed being h 

The horizontal pressure of the fluid perpendicular to 

the dividing plane is ^p . ^ . t a . ^ • 

k 
The centre of pressure is at a distance - from the hinge, 

.'. the moment of horizontal fluid pressure about the 
hinge is 

Iga-ah^k, 
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The vertical fluid pressure on the half pyramid = the 
weight of the half-pyramid =|^<ra^A. 

The centre of gravity of the half-pyramid is fa from 
the dividing plane. 

3 k 
The line of action of the fluid pressure is - r « from 

that plane. 

.'.in order that the parts may remain in contact 

i.e. 2A2^ > 3a2 (A - /r), 

• <^^/ 3a2 \3 
^'^' p^\3a^+2hy ' 

113. The velocity of the particle on reaching the 

fluid is Va^ocos a, a being the radius of the axis of the 
tube. 

Let m, if be the masses of the particle and fluid, 
which we shall suppose inelastic, u the velocity acquired 
by the fluid. 

Then (m-{-M)u=m V2^a cos a, 

.'. u= jy *J2ga cos a. 

m+M ^ 

At a distance B from the particle, the impulsive pres- 
sure is such as to produce the velocity u in the portion 
beyond that point ; 

.-. the impulse = —= — Mu 

2a 



/ e\ Mm , 



114. Let h be the height, r the radius of the cylinder. 
The impulsive pressure at a depth x is such as to 



MISCELLANEOUS PROBLEMS. 101 

destroy a velocity 2; in a column of fluid of height x and 
.'.—px. V. 

The whole impulse on the curved surface 
= vp . 27rr A . ^ = Vfmrh\ 

115. The impxilse at the depth x below the vertex 
=pvx. 

The resultant impulse on the base=pi;A .n-A^tan^o, 
and the whole impulse on the curved surface 

=pv . irh^ tan^a cosec a . §A tan a. 

116. Let V be the velocity with which the sphere 
reaches the plane. 

Using the same principle as in the last two examples, 
The whole impulse = pw . ^ttt^ = 47rpw^. 

T 

Impulse on upper half = pv , -, 27rr^=7rpvr^. 

*t 

3r 

Impxilse on lower half =pv— . 2irr^=Z7rpvr^. 

The resultant impulse on the whole surfece 

=J.pvirr3. 

Let P be the resultant impulse on the horizontal dia- 
metral section, §, R those on the upper and lower hemi- 
spheres. 

Then P-§=§pV7rr3, 

i2-P=§pV7rrS. 
And F—pv . 7rr2 ^ ^_p^,^^ 

.-. <i—\pVTtii^y U—^pmn^. 

117. Let p be the pressure of the air forced in, 

t the tension in the xxi^u^xvaJL^l'^Jsia'^'^ii'^^ 
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- is the radius of the portions not in contact 
P 

with the sides of the triangle. 

/. — is their length. 

If a be the length of the side of the triangle, the 
portions in contact with each side are a- 2^3 - . 

The original circumference of the tube was -^ . 

whence t is determined and thus the other quantities, 
required. 

118. The resultant of the tensions round a horizontal 
section is equal to the resultant vertical pressure on the 
portion of the cone above that section, i.e. between it and 
the vertex. 

If h be the height of the cone, x the depth of the 
section, t the tension at the section, 

^Ttx tan a.t, cos a = %pgna^ tan^o, 
.'. ^=Jp^tanaseca..a?2. 

119. Let h be the height of the bag, 4a the parameter 
of the parabola, so that if r be the radius at a distance a: 
from the vertex i^—A^oujc, 

t being the tension, 

=\gp \la (^+a) (2 A -.a?). 

At the vertex ;r=0, 

/, t^^gpcbh. 
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The radius of curvature at the vertex is 2a. 
The pressure there is gph. 

or t=gpah. 

120. t,2n.PN, , gpirPm . ^ , 



••• i=9P ^ 



AS+AN AS, AN 



AS 2 

=^p^Jas,'^p,an, 

X AN,^/SP. 

121. Let ^ be the length of the faulty barometer, 
y the true reading when its reading is c. 

A length l-a of the tube is Med with air at a pressure 
a — a, 

A length I -hoi the tube is filled with air at a pressure 

A length ^ - c of the tube is filled with air at a pressure 
y-c. 

.-. (^-a)(a-a)=(;-6)03-6) = (^-c)(y-c), 
?(a-i8-a+6)=a(a-a)-6(i8-6). 

7 (a--c)(a-a)~(6-c)(/3-6) 

and y_c=(^-^(^::^) 

' l-c 



(a-c)(a-a)-(6-<i^(.^-b^• 
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122. Let 2$r be the angle made by the rth bounding 
radius with the surface, and let there iJe n sectors, a being 
the radius. 

The area of the first r sectors is a^3r' 

sin^^ 
The depth of the centre of gravity is a ** . 

Or 

71 a IT 

n 
or the rth radius makes an angle 2 sin~^ ./- with the 
surface. 

123. Let h be the height of the cylinder, a its area. 

The pressure on the conical surface when it is upper- 
most is 

§a . 3A . ^p = ^gpah. 

When it is lowest it is 

gpah + \gp ,a,Zh= 2gpah, 

124. The weight of the air in the balloon is 

1000 o. o^ 1 . 26 . 
j^x24x20Xg^ grams=^ grains. 

33 

At a depth x feet it displaces cubic inches of 

water the weight of which is x — ^— grains. 



The weight of the lead in water is 

(. 80\_„ 5200 . 

V^-9i2;^^^"5r^^^^"- 



5200 25 _ 33 2600 
57 "*'72~33+^ • 9 

.-. a?=66-44... feet. 
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125. If V is the volume of the hydrometer at first, 
and v' after expansion, and if p and p' are the densities of 
the fluid, 

p{V- KOf) = p' {V- KO^i) =p^(l/- KX^), 

7/-V lip' - lip 

^ . ^ . .. ^6-2 ^1 . .17 .^j. 

126. The resultant pressure of the liquid is in the 
vertical through the centre of the hemisphere, and, taking 
moments about the centre 

fa sin ^. W=cQ0^6,w, 

127. Let U and V be the volumes of the hemisphere 
and the cylinder, W the weight of the float. 

Then taking the hemisphere as the lowest portion, 
Tr=:(i7+ r)«= 7.3«=^i7+| F^ 2p. 

128. Let ABODE be the pentagon, A being the lowest 
vertex, and AF the perpendicular from A upon CD, 

Then if c is the side of the hexagon, 

? = ^i;^= c cos 54° + c cos 18° = 2c cos 36° . cos 18°. 

The depth of A below the surface being a, the 
depth of C and Z> is - , and 
depth of 5 = 1 4-c sin 72°=a ^^^ . 

Now it is shewn on page 207 that, if a, j8, -y are the 
depths of the angular points of a triangle, and z the depth 
of its centre of pressure, 

2^ (a+/3+y)=a2+3Hy -V-Pn^-V-^a-Vo^^ 
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Employing this formula we find that the depths of the 
centres of pressure of ACD and ABC are respectively 

16^ ^^^ 7+75^- 
Let a represent the area ABC ; 

then area ACD 

AF.CF d^ tan 18° _ V5 + 1 

""•ic2sinl08°~°2c2 sin 72°""" 2 * 

The depths of the centroids of ACD and ABC are 
respectively ^ a, and -a C^+VS). 

Hence if z is the depth of the centre of pressure of the 
pentagon, 

- fV5 + l 



z 



fV5 + l . 7+V5 \ 



V5 + 1 11a , 7+^5 6+^5 

and .-. 2=^ (29 + 3^5). 

129. If 2 be the depth of the surface of the water in 
the bell, 

a the area, 'p the pressvu^, 

the work done in depressing the water surface through a 
small distance x is 

'pa,X 

=p X volvmie of water displaced, 
=gpz X volimie of a slice of thickness x of the bell at depth z. 

The whole work done in displacing the water is the 
sum of such portions and since 

2 (« X volume of slice at depth z) 

^ Whole volume displaced x depth of its centre of gravity, 



MISCELLANEOUS PROBLEMS. 107 

The work done 
= Weight of water displaced x depth of its centre of gravity. 

130. Let h be the breadth of the quadrilateral. 
The centre of pressure of ACD is at a depth jA. 
The centre of pressure of ABC is at a depth JA. 

The pressiu^ on ACB Sb-wK, CD . — = - wW . CD. 

The pressure on ABC is ^ wh . AB • k = « "^^^ • -^-^• 

.'. the depth of the centre of pressure is 

l.^CD-^-^.^AB ZCD+AB , 
ICD+iAB 4CD+2AB 

.'.it divides the breadth in the ratio f^r^^Ajy - 

.'.it will be at the intersection of AC and BD if 

ZCD+AB_AB AB^-zCD'^ 

'CD^AB-^CD ""^ ^^-3G/>. 

131. This problem should be erased. 

132. If X is the height of the cylinder with which the 
water is in contact, and if ,4 is the vertex of the paraboloid^ 
and AN the depth of the vertex below the highest level of 
the water, 

v^'n7^{x-AN)-\-\KT'^,AN, 



or 



''='^(^-^')' 



whole pressure =gp . 2wra7 . - 

and this is greatest when 59r«>%<*=12g^. 
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133. Let V be the volume of water displaced in the 
position of equilibrium, and v+% the volume of the other 
liquid displaced when there is equilibrium ; 

then w=\,v^8{v-\'hy). 

Placing the hydrometer in the liquid so that v is 
displaced, and letting it go, the acceleration when it has 
descended through the space x 

w—aiv+kx) 

the motion is therefore the same as that of a particle 
attracted to a centre of force which varies in proportion 
to the distance. 

Hence the hydrometer will descend to the depth 2^, 

i.e. 2w(l-8)lk8, 

134. Let r be the radius of the sphere, x the depth of 
its centre below the surface of the water. 

The distance between the centre and the plane of 
contact, being the sub-normal, is 2a. 

Also r2=4a(a-fc). 

The area of the circle of contact is 4^ac, 

The pressure on the sphere is equal to the weight 
of the water which would be contained in a cylinder whosa 
base is the circle of contact, and whose height is a7+2a, 
together with that contained by the segment of the sphere 
cut oflf by the plane of contact. The volume of this seg- 
ment is 

§7rr2 (r- 2a) - J . 2a . 47rac, 

.*. ^rr9^'-^nr^a-^a^c+4f!rac(x+2a)=iir7^. 

Using the above value of r^, this gives 

^=4a73c. 

135. Consider the water above a plane touching the 
Jowest point of the sphere in the first case. 
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Its volume is nB^ . 2r -^:=%rr[R^ - ^r^\ 

Its c.G. is at a height r. 

When the sphere is gone the height of the c.G. is 

2 r^ 
.'.it has fallen a distance ^ ^2 > 

.*. the loss of potential energy 

IF ^ r^ 2 ."I 2r3 

= Fr[3^2-2r2]-f3jB2. 

When the sphere is half out of the water, the height of 

the water is 

2r3^2_^ 

3 R' ' 
The height of its c.G. is 
2»r^/oD2 ^^ rZm-r^ 2 , /2r ZB^-i^ 3r\ 

^(3/22_2r2) 
o 

... ,„ r3 13iP-8r2 
.-. ithasfaUeng^^^-gjg.. 

Loss of potential energy 

= 25^ 8^ (1^^-®^ ) = 48]«^r32r2^^^"^^^ ^^"'- 

When the sphere leaves the water, w being its weight, 
it has gained in potential energy 






.*. its K. E. must be 



Wr 2r3 
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Its velocity is therefore 

136. Let a cos a be the height of the free surface of 
the fluid at rest above the surface, a being the radius. 



The volume of the rest of the sphere is 

(1 - COS a)2 (2 + COS a). 



If the rotating liquid rise to a height a cos B above the 
centre, the free space is 

-^ (1 - cos &f (2 +COS &) +7ra^ sin^B . ^ > 

. • . cos^a - 3 COS a - cos^d + 3 cos ^ = -; — sin*^. 
The greatest elevation is 

a (cos B - cos a). 

The greatest depression is 

wWsin^d . ^ V 

— — a (cos B - cos a). 

2^ 

The latter is greater than the former if 
-r- sm^d > cos B - cos a. 

o 

Now -— - sin^d/(cos ^ — cos a) 

__ 1 3 - (cos^^ + co sacos^-hcos^g) 
"3 sin^d 

.*. the above inequality holds if 

2 cos^d - cos^a - cos a cos B is positive. 
But cos B > cos a. 

.-. this is true. 
.*. the greatest depression exceeds the greatest elevation. 



MISCELLANEOUS PROBLEMS. Ill 

137. If water falls from a height h its velocity 

If K is the section of the tube, the volume of water 
which has its momentum destroyed in the time t is VKty 
and if m is the mass of unit volume, the momentum 
destroyed per imit of time=«iA. 

This is the pressure exerted by the falling water, and 
therefore if it support a column of the height Xy 

mv^K—mKxg^ and .*. a7=2A. 

138. Erase the centre of repulsive force. 

The attraction at any point distant r from the centre 
is proportional to r, by Leibnitz's theorem. 

Take this to be /xr, and let g—\ic. 

Then if from the centre of the sphere we measure 
OC downwards so that OC — Cj the surfaces of equal 
pressure are spheres having their centre at C 

139. If a be the area of the jet, v the velocity of efflux, 
p the pressure, x the depth. 

In a short time r a mass pavr emerges with velocity v. 
The work done is jt> . a . vr. 

.-. i^z=J-z=2gx. 
P 

The mass pkvt emerging 

The momentum emerging pkv^t 

= 2pkt, 

140. If/ is the acceleration, downwards, of the bucket 

-^ 2M-k-m' 



112 MISCELLANEOUS PROBLEMS. 

Let V be the volume of the cork, <r its density, so that 
m=<rv, and T the tension of the string. 

If P is the upward pressure of the water, taking unity 
as the density of water, 

vf-vg r, --^-gif+wr 
Now mf^mg-P-^T, 



r= 



2Mmg 



2M+m 



(;-')■ 



If V is the volume of water in the bucket, and h its 
height, 7=7ir2A. 

Pressure on curved surface at first 

Afterwards, pressure =(^-/) p ^ ~-y 

and this is greater or less than before according as 

2M 



2M+m 



(V+vY>or< V\ 



V I m 

or -, > or < ^ 1 



-p > or < ^1 + 2^-1. 



ADDENDA. 



1. In the solution of 16, page 29, it is intended that 
the second paragraph should apply to the cases of both 
the hole in the lid of a teapot, and of a vent-peg. In 
each case the liquid flows out more freely when its upper 
surface is exposed to the external atmosphere, and, in 
fact, it sometimes happens that, without opening a vent- 
peg, the liquid from a cask will not flow out at alL 

The flrst paragraph should be erased. 

2. The problem, 83, of Miscellaneous Problems, can 
be solved without assuming the property of the maximum 
area. 

The fluid pressure being normal to the surfaces, and 
the same at sul points of uie same horizontal plane, the 
problem at once resolves itself into the equilibrium of a 
polygon of jointed rods, in one plane, the rods being acted 
upon, outwards, by normal forces at their middle points, 
proportional to their lengths. 

Consider the equilibrium of four of the rods forming 
the polygon AiA^A^A^, Taking any one rod A1A2, the 
resultant of the stresses at Ai and A2 must bisect the rod 
at right angles. 

These stresses are therefore equal, and consequently 
it follows that the stresses at all the joints are the same. 

Let B be the inclination to ^2-^1 of the stress at A^ox. 
A^, (j) the inclination to A^^ of tliift «teKi«» ora. -^«l '^'^ ^-^ 
and yl^ the inclination to Ao of t\i© eXiTeiaa «X. A.^cpc X^. 

B, E. £r. 
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Then, pr being the force on a rod of length r, and R 
the stress at each joint, 

^.i4ii42=2jRsind, ^. -42^3= 2i2 sin <^, p.A^^^^Rmi^, 

sin B sin sin ^ * 

Let the straight line through A2 at right angles to the 
direction of R intersect in the straight line bisecting 
A1A2 at right angles, and in (y the straight line bisecting 
A^A^ at right angles. 

Then 

^gO = ^-4i^2 ^sec ^ = ^-^2^3 cosec <^ = -ig^j 
and therefore and C/ are coincident, and is the centre 
of the circle passing through ^i^2^3> 

Moreover, OA2 and OA^ are perpendicular to the 
directions of R at A2 and A^y so that these directions are 
tangents to the circla 

Again it can be shewn, in exactly the same manner, 
that the straight line bisecting A^A^ at right angles passes 
through the ^int 0. • 

Hence it follows that Ai, A2, -ig, A^ are concyclic, and 
therefore that all the angular points of the polygon are 
concyclic. 

Finally, each of the expressions CjCosecai, C2COseca2, 
&c., represents the diameter of the circle. 
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LL.D. 2nd Edition. 8vo. 78. 6d. 

Translated into English Terse by Anna Swanwick. 4th 

Edition. Post 8to. 58. 

Horace. The Odes and Carmen Sieonlare. In English Yerse by 

J. Conington, If .A. 10th edition. Foap. 8to. 58. 6d. 
The Satures and Epistles. In Englidi Yerse by J. Coning- 

ton, M.A. 7th edition. 68. 6d. 
Plato. Gorgias. Translated by E.M. Cope, M.A. 8yo. 2nd Ed. Is, 
Philebus. Trans, by F. A. Paley, M. A., LL.D. Sm. 8vo. 4». 

Theastetus. Trans.byF.A.Paley,M.A.,LL.D. Sm.8vo..4«. 

-^— Analysis and Index of the Dialogues. By Dr. Day. PostSvo. 5«. 
Sophocles. Oedipus Tyrannus. By Dr. Kennedy. 1«. 

The Dramas of. Bendered into English Verse by Sir 

George Yonng, Bart., M.A. 8vo. 128. 6d. 

Theocritus. In English Yerse, by C. S. Calverley, M.A. New 

Edition, revised. Grown 8yo. 78. 6d. 

Translations into English and Latin. By C. S. Calyedey, M.A. 

Poat 8vo. 78. %d^ 
Translations into English, Latin, and Greek. By B. C. Jebb, Litt. D., 

H. Jackeon, Litt.D., and W. B. Carrey, If .A. Second Edition. Ss. 
Extracts for Translation. By B. C. Jebb, Litt. D., H. Jackson, 

Litt.D., and W. E. Gnrrej, M.A. 48. 6d. 

Between Whiles. Translations by Bey. B. H. Kennedy, DJ). 

2ni Edition, reviaed. Grown 8to. 58. 

Sabrlnae Corolla in Hortulis Begiae Scholae Salopiensls 

Gontexnernnt Tres Tiri Floribns Legendis. Fourth Edition, thoronghly 
B^yised and Rearranged. Large post 8ro. lOs. 6d. 



REFERENCE VOLUMES. 

A Latin Grammar. By Albert Harkness. Post 8yo. 6<. 

By T. H. Key, M.A. 6th Thousand. Post 8vo. 8«. 

A Short Latin Grammar for Sohools. By T. H. Key, M.A. 

F.B.8. leth Edition. FortSvo. 88.6d. 

A Guide to the Choice of Olassloal Books. By J. B. MaYQr^M..A. 

3rd Edition, Grown Sto. is. 6d. 
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TlM ThMtre of the Groeki. By J. W. DonaldMii, D JD. lOth 

Mditkm. PortSn). 5t. 
Kfflchtley'i Mythology of Oreeoe and Italy. 4th Editkm. 6$* 

CLASSICAL TABLES. 

Lfttln Aeddtnoo. By the Bey. P. Froit, M.A. U. 

lAtin VerBlfloetlon, U, 

Notebilla QnndAm; or the Prindpal Tensei of moit of the 

IrrefirolAT Chreek Yerbs and BleiBMatuy Greek, Latin, u&d freabh Oob? 

stmotion. New Editioii. Is. 

lUehmondBiileefortheOTldlenDlstloh,^^ 9yJ.Tate,M.A. U. 

The Prlnolplee of Latin Syntax. 1$. 

OreekYerhe. A Gatalogae of 7erbi, InegaUur and Defeotiye. By 

J. B. B»ird, T.O.D. 8th Edition. 2s. 6d. 

Offeek Aooenta (Notes on). By A. Bany, D.D. New Edition. 1«. 
Bomerlo Dlaleot Its Leading Forms and Peenliarities. By J. 8. 

BaiEd,T.O.D. New Edition, I7 W. G. Batherford, LL.D. U. 
Offeek Aooldenoe. By the Be?. P. Frost, M.A. New Edition. !$• 

CAMBRIDGE MATHEMATICAL SERIES. 

Arithmetio for Sohools. By C. Pendlebary, M.A. 4th Edition, 
stereotyped, with or without answers, 4a. M. Or in two parts, with or 
witiiont answers, 28. 6d. each. Part 2 contains the CommeroM.1 Arithmetic, 

BxAMPLXB (nearlj 8000), without answers, in a separate toL Ss. 

In use at St. Rinl's, Winchester, Wellington, Charterhouse, Merchant 
Taylors', Christ's Hospital, Sherborne, Shrewsbury, ko, Ac. 

Algebra. Ghoioe and Ghanoe. By W. A. Whitworth, MJL 4th 

Edition. 6s. ^^ 

Euclid. Books I.-YI. and part of Books XI. and XIL By H. 

Deigkton. 4s. 6d. Key (for Tutors only), 5s. Book I., Is. Books L and 

II., Is. dd. Books I.-III., 38. 
Euolid. Exercises on Euclid and in Modem (Geometry. By 

J. McDowell. M.A. 8rd Edition. 6s. 
Trigonometry. By J. M. Dyer, M. A., and Bey. B. H. Whitcombe, 

M.A., Assistant Masters, Eton College. [In th» press. 

Trigonometry. Plane. By Bey.T.YyryanyMJL SrdEdit. 3$.M, 
Geometrioal Oonio SeotiLona. By H. G. Willis, M.A. 6«. 
Oonioa. The Elementary Oeomet^ of. 6th Edition, revised and 

enlarged. By C. Taylor, D.D. 4i. 6d. 
Solid Qeomelary. By W. S. Aldis, M.A. 4th Edit, revised. 6«. 
Oeometrioal Optics. By W. S. Aldis, M.A. 8rd Edition. 4«. 
Rigid Dynamloa. By W. S. Aldis, M. A 4«. 
Elementary Dynamloa. ByW.Gamett,M.A,D.O.L. 5th Ed. 6«. 
Dynamloa. A Treatise on. By ^. H. Besant, ScD., F.B.S. 7t, M. 
Heat. An Elementary Treatise. By W. Gamett, M. A, D.C.L. 5th 

Edition, rerised and enlarged. 48. 6d. 
Elementary Physics. Examples in. By W. Gallatly, M.A. it. 
Hydromeohanioa. By W. H. Besant, Sc.D., F.B.a 4th Edition. 

Parti. HydroetaticB. 5s. 

JfAthematloal Examples. By J. M. Dyer, M.A., Eton College, 
Bad R, Prowde Bmitb, M.A., Cheltenham CoUege. ^. 

'^'^abanlog. PlrDh/em« in Elementary. By Yf.N7«3LV»i^l&lu ^. 
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CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A Series of Elementary TreatUetfor the we of Students. 

Arithmetio. B7BeY.0.ElBee,M.A. Foap. 8vo. 14th Edit. 3s. ^d. 

By A. Wrigley, M.A. 3s, 6d, 

A ProgressiYe Course of Examples. With Answers. By 

J. Watson, M.A. 7th Edition, revised. By W. P. Gondie, B.A. 2s. 6<I. 

Algebra. By the Bev. C. Elsee, MA. 7th Edit. 4m, 

Progressive Course of Examples. By Bev. W, F. 

M'Michael,M.A.,and B. Prowde Smith, M.A. 4th Edition. Sa, 6d. With 
Answers. 48. 6d. 

Plane Astronomy, An Introduction to. By P. T. Main, M.A. 

6th Edition, rerised. 48. 

Conic SectlonB treated Geometrically. By W. H. Besant, Sc.D. 
7th Edition. 48. 6d. Solution to the Examples. 48. 

Enunciations and Figures Separately. Is, 6(2. 

Statics, Elementary. By Bey. H. Goodwin, D.D. 2nd Edit. Bs. 

Hydrostatlos, Elementary. By W. H. Besant, ScD. 13th Edit. 4s. 

Solutions to the Problems. [In the press. 

Mensuration, An Elementary Treatise on. By B.T.Moore, M. A. Bs,M, 

Newton's Prindpla, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 
Edition, by P. T. Main, M.A. 48. 

Analytioal Geometry for Schools. ByT.G.Vyvyan. 5th Edit. 4s,6d. 

Greek Testament, Companion to the. By A C. Barrett, M.A 

5th Edition, revised. Fcap. 8vo. Ss. 
Book of Common Prayer, An Historical and Explanatory Treatise 

on the. By W. G. Hnmphiy, B.D. 6th Edition. Fcap. 8vo. 28. 6d. 

Music, Text-book of. By Professor H. C. Banister. 14th Edition, . 

revised. 5s. 
Concise History of. By Bev. H. G. Bonavia Hunt, 

Mus. Doo. Dublin. 11th Edition, revised. Ss. 6d. 

ARITHMETIC AND ALGEBRA. • » 

See also the two foregoing Series. 

Elementary Arithmetic. By C, Pendlebury, M.A., and W. S. 
Beard. Crown 8vo. 1«. 6d. * . 

Arithmetic, Examination Papers in. Consisting of 140 papers, 
each containing 7 questions. 357 more difficult problems follow. A col- '. 
lection of recent Public Examination Papers are appended. By C. 
Pendleburj, M.A. 28. 6d. Key, for Masters onlj, 5$. 

Graduated Exercises in Addition (Simple and Compound). By 
W. S. Beard, Assistant Master, Christ's Hospital. Iji. 
The Answers sent free to Masters only. 

BOOK-KEEPING. 

Book-keeping Papers, set at various Publv^ "^-iasrccoaiCNsstia.. 
Collected and Written by J. T. MoShurtt, "Lwctaaec otL ^asiKJ«.:^»«^^»^'?. ^a*- 
£2ie Citf ot London Collflge. 3s. 

a2 
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GEOMETRY AND EUCLID. 

Euclid. Books I.-VI. and part of XL and Xn. A New Trans- 
lation. By H. Deighton. (8ee p. 8.) 

The Definitions of, with Explanations and Exercises, 

and an Appendix of Ezerdses on the First Book. By B. Webb, M.A. 
Grown 8yo. Is. 6d. 

Book I. With Notes and Exercises for the use of Pre- 
paratory Schools, fto. By Braithwaite Amett, M.A. 8vo. is. 6d. 

The First Two Books explained to Beginners. By 0. P. 



Mason, B.A. 2nd Edition. Foap. Syo. 28. 6d. 

The EnunolationB and Figures to Euolid's Elements. By Bey. 
J. Brasse, D.D. New Edition. Fcap. 8yo. Is. Without the Hgores, 6d. 

Exercises on Euclid. By J. McDowell, M.A. (See p. 8.) 

Geometrical Conic Sections. By H. G. Willis, M.A. (See p. 8.) 

Geometrical Conio Sections. By W. H. Besant, D.Sc. (See p. 9.) 

Elementary Gtoometryof Conios. By 0. Taylor, DJD. (See p. 8.) 

An Introduction to Ancient and Modem Geometry of Conios. 

By 0. Taylor, D.D., Master of St. John's GolL, Oamb. Sro. 15s. 

Solutions of Geometrioal Problems, proposed at St. John's 

College from 1830 to 1846. By T. Oaskin, M.A. 8vo. 128. 



TRIGONOMETRY. 

Trigonometry. By J. M. Dyer, M.A., and Rev. R. H. Whit- 
o«mbe, M.A. (See p. 8.) 

Trigonometry, Introdnction to Plane. By Bey. T. G. Vyvyan, 
Gharterkovse. Srd Edition. Or. Syo. 3s. 6d. 

An Elementary Treatise on Mensuration. By B. T. Moore, 

M.A. 8s.M. 

Trigonometry, Examination Papers in. By G. H. Ward, ]Vf.A., 
Assistant Master at St. Patd's School. Grown 8to. 2s. 6d. 



ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. 

Tnmbiill, M.A. 8to. 12s. 

Problems on the Principles of Plane Ck>-ordinate Gfreometry. 

By W. Walton, M.A. 8to. Ifis. 

Trilinear Co-ordinates, and Modem Analytical (Geometry of 

Two Dimensions. By W. A. Whitworth, M.A. Syo. 16s. 

An Elementary Treatise on Solid Geometry. By W. S. Aldis, 
M.A. 4th Edition rerised. Cr. Syo. 6s. 

JSlUptio FvmotioDB, Elementary Treatise on. By A. Cayley, ScD. 

Frotessor of Pure JfathematicB at CambriAgftTSTiwemfej. T^«mi%HQ.^3bu 
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MECHANICS & NATURAL PHILOSOPHY. 

statics, Elementary. By H. (Goodwin, D.D. Foap. 8yo. 2nd 

Edition. 38. 
Dynamios, A Treatise on Elementary. By W. Gkumett, M.A., 

D.G.L. 5th Edition. OrovmSvo. 68. 
Dynamics. Bigid. By W. S. Aldis, M.A. 4«. 
Dynamics. A Treatise on. By W. H. Besant, ScDmF.B.S. 7<. G(Z. 
Elementary Mechanics, Problems in. By W. Walton, M.A. Kew 

Edition. Crown 8yo. 68. 

Theoretical Mechanics, Problems in. By W. Walton, M.A. 3rd 

Edition. Demy 8yo. 168. 

Hydrostatics. ByW.H.Besant,Sc.D. Fcap.Svo. 14th Edition. 4«. 

Hydromechanics, A Treatise on. By W. H. Besant, Sc.D., F.B.S. 
8vo. 4th Edition, revised. Part I. Hydroetatics. Ss. 

Hydrodynamics, A Treatise on. Vol. L, lOs, ^d, ; YoL II., 128, Qd. 
A. B. Basset, M.A. 

Optics, Geometrical. By W. S. Aldis, M.A. Crown 8yo. 3rd 

Edition. 48. 

Double Beitectlon, A Chapter on Fresnel's Theory of. By W. S. 

Aldis, M.A. 8yo. 28. 

Heat, An Elementary Treatise on. By W. (Harnett, M.A., D.C.L. 
Grown Sto. 5th Edition. 48. 6d. 

Elementary Physics. By W. Gallatly, M.A., Asst. Ezamr. at 

London Uniyersity. 4t8, 

Newton's Principia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Elerenth SectionB. By J. H. Brans, M JL 5th 
Edition. Edited by P. T. Main, M.A. 48. 

Astronomy, An Introdaction to Plane. By P. T. Main, M.A. 
Fcap. Syo. doth. 6th Edition. 48. 

r- Practical and Spherical. By B. Main, MJL 8vo. 14f. 

Mathematical Examples. Pure and Mixed. By J. M. Dyer, M. A., 

and B. Prowde Smith, M.A. 6s. 

Pure Mathematics and Natural Philosophy, A Gompendinm of 

Facts and Formnha in. S^ G. B. Small^. 2iid Edition, revised by 
J. McDowell, M.A. Fcap. Syo. Ss. 6d. 

Elementary Mathematical Formulas. By the Bev. T. W. Open- 

shaw, M.A. 18. 6d. 

Elementary Ctonrse of Math«matios. By H. Goodwin, D.D. 

6th Edition. 8to. 168. 

Problems and Examples, adapted to the * Elementary Course of 

Mathematics.' 8rd Edition. 8vo. 58. 

Solutions of Goodwin's Colleotlon of Problems and Examples. 

By W. W. Hntt, M.A. 8rd Edition, revised and enlazged. 8vo. 98. 
Cl Collection of Examples and Problems in Arithmetic, 

Algebra, Geometry, Logarithms, Trigonometry, Conic Sections, Mechanics, 
&c., with Answers. By Bey. A. Wriglqr* 20th Thonsand. 8s. 6d. 
Key. 10b. 6d. 

Science £lxamination Papers. Pact 1. "^aicst^wivi ^S«iRs«M>s5Gi75. 
Part IL Physics. By E. B. Bt«d, U,k., "E.Q.^.^^^wftiftx^k. Qc»3s«ia*x 
School Crown 8ye. 2$. 6d. each. 
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FOREIGN CLASSICS. 

A Series for ute in SchooU, with English NoteSi grammaticdl and 
explanatory 1 and renderings ofdifflcuU idiomatic expressions. 

Feap, dvo. 

Sohmer*! Wallemrteln. By Dr. A. Badhheim. 5th Edit. 5s. 
Or the Lager and Piooolomini, 2b. 6<I. WaUenstein'a Tod, 2s. 6d. 

Iffaid of Orleans. By Dr. W. Wagner. 2nd Edit. Is.M. 

Maria Stnart By Y. Eastner. 2nd Edition. Is. &d. 

Goethe's Hermann and Dorothea. By E. Bell, M.A., and 

B. WdlfeL l8.6d. 

Qerman Ballads, from Uhland, Qoethe, and Schiller. By C. L. 

fiielefeld. 4th Edition. l8.6d. 
Oharlea XTT., par Voltaire. By L. Direy. 7th Edition. Is. 6(2. 
Aventnres de T616maqiie, par F6n61on. By C. J. Delille. 4th 

Edition. 28. 6d. 
S^Ieot Fables of La Fontaine. By F. E. A. Gase. 18th Edit. Is. 6d. 
Pioolola, by X.B. Saintine. By r^.Dubno. 16th Thousand. Is. 6d. 
Lamartine's Le Tailleur de Fierres de Saint-Point. By 

J. Boielle, 6th Thooaand. Fcap. Syo. Is. 6d. 
Italian Primer. By Bey. A. 0. Olapin, M.A. Fcap. 8vo. Is, 



FRENCH CLASS-BOOKS. 

French Grammar for Pablio Schools. By Bev. A. G. Olapin, M.A. 

Foap. Syo. 12th Edition, revised. 28. 6d. 
French Primer. By Bev. A. C. Olapin, MJL Fcap. Svo. 8th Ed. Is. 
Primer of Frenoh Philology. By Bev. A. 0. Olapin. Fcap. Svo. 

4th Edit. 18. 

lie NouTeau Tr6sor; or, French Student's Oompanion. By 
M. E. S. 18th Edition. Foap. Svo. l8. 6d. 

French Examination Papers in Miscellaneons Grammar and 

Idioms. Compiled by A. M. M. Stedman, M.A. 4th Edition. Grown 
8vo. 28. 6<i. 

Key to the above. By G. A. Schrnmpf , Univ. of France. Grown 
Svo. 58. (For Teachers or Private Students only.) 

Manual of French Prosody. By Arthur Gosset, M.A. Grown 

8vo. 38. 

Lexicon of Conversational French. By A. Holloway. 3rd 
Edition. Grown Svo. 48. 

PROF. A. BARRERE*S FRENOH COURSE. 
Junior Graduated French Course. Crown Svo. Is. Qd. 

Elements of French Grammar and First Steps in Idiom. 
Crown Svo. 2s. 

J^tvoIsofCompajrativeFreaohQiKsaxEOX. ^n^^^xWoii. Cxown 

Sro. 8s, 60. 
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F. E. A. GASO'S FBBNGH G0X7BSE. 

« 

Flnt Frenoh Book. Foap. 8yo. 106th Thoosand. 1«.. 
Seoond Frenoh Book. 47th ThonBaad. Feap. 8vo. 1«. 6d. 
Key to First and Seoond Frenoh Books. 5th Edit. Fop. 8to. 8f . 6d. 
nrenoh Fablei for Beginners, in Prose, with Index. 16th Thoasand* 

12aio. la. 6d. 

Seleot Fables of La Fontaine. 18th Thousand. Feap.8T0. If.Sd. 
Hiatcdres Amuaantes et InstraotiYei. With Notes. 16th Thon- 

land. Foap. 8to. 2s. 

Praotloal Guide to Modem Frenoh Oonyenatlon. 18th Thoa- 

land. Fcap. 8vo. U. 6d. 

Frenoh Poelary for the Young. With Notes. 6th Ed. Fop. 8yo, 8f. 
Materials for Frenoh Prose Gompoiltton ; or, Seleotions from 

the beet English Prose Writen. 19thThoiu. Eoap. 8vo.8s. Eej.fif. 

Proeateurs Gontemporalna. With Notes. 11th Edition, re- 
vised. 12mo. 38. 6d. 

Le Petit Gompagnon; a Frenoh Talk-Book for Little Ghildren. 

lath Thousand. 16mo. . Is. 6cl. 

An Improved Modem Pooket DlotlMiary of the Frenoh and 

English Languages. 45th Thousand. 16mo. Ss. 6d. 

Modem Frenoh-Engllsh and Engllah-Frenoh Dlottonary. 4th 

Edition, revised, with new supplements. 10s. 6d. In use at Harrow, 
Rugby, Westminster, Shrewsbury, &o. 

The A B G Tourist's Frenoh Intexpreter of all Immediate 

Wants. By F. B. JL Oasc. Is. 

MODERN FRENOH AUTHOBS. 

Edited, with Intoodnctions and Notes, by James Bou:lle, Senior 
French Master at Dulwioh Oollege. 

Daudet's La Belle Nivemaise. 2«. 6(2. For Beginner; 
Hugo's Bug JargaL 3f . For Advanced Students, 
Balzac's XJrsule Mirouet. F(yr Advanced Students, 



GOMBEBT'S FBENOH DBAMA. 

Being a Selection of the best Tragedies and Gomedies of Molita» 
Bacine, Gomeille, and Voltaire. With Anpiments and Notes by A* 
Gk>mbert. New Edition, revised by F. B. ▲. uasc Foap. 8yo. It. eaehi 
sewed, 6d. OoNXiarTB. 

MoLiXBB :— Le Misanthrope. L'Arare. Le Bourgeois Gentilhomme. lie 
Tartnffe. Le Malade Imaginaire. Les Femmes Savantes. Lee FondMries 
de Soapin. Les Prtfoieuses Bidionles. L'Eoole des Fenunei. L'Boole des 
Maris. Le MMeoin malgrtf Lni 

BiaKs :— PhMre. Esther. Athalie. li^bi«6DSA« \mi. '^Na^mwi^ 
Thtfbalde; on, Les Frdres EnnemiB. AndzomaxcpA. "fto^i KftTt N yw ^^. 

P. COBiraiLLS:— Le Oid. Horaoe. Qinnau ^<^9«q«^a« 

Voltaire x— Zaire. 
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GERMAN CLASS-BOOKS. 

MaterlalB for (German Prose OompoBitioiL By Dr. Buohheim. 

13th Edition, thoroughly reyised. Toap. 4i. 6d. Key, Parts I. and n., Ss. 
Pa rts III. and IV., 4a. 

German. The Candidate's Yade Mecnm. Fiye Hundred Easy 

Sentences and Idioms. Bj an Army Tutor. Cloth, Is. For Army Exams. 

Wortfolge, or Rules and SSxerolses on the Order of Words In 

Oerman Sentences. By Dr. F. Stock. Is. 6d. 

A German Grammar for Pablio Schools. By the Bev. A. 0. 

COapinandF. HollMIUler. 5th Edition. Foap. 2s. 6d. 

A German Primer, with Ezerciees. By Bev. A. C. Clapm. 

2nd Edition. Is. 

Xotiebue's Der Gefttngene. With Notes by Dr. W.Stromberg. Is. 
Oerman Examination Papers in Grammar and Idiom. By 

B. J. Morich. 2nd Edition. 2s. 6d. Key for Tutors only, 5s. 

By Fbz. Lange, Ph.D., Professor B.M.A., Woolwich, Examiner 

in German to the Coll. of Preceptors, and also at the 

Victoria University, Manchester. 

A Concise German Grammar. In Three Parts. Part I., Ele- 
mentary, 28. Part II , Intermediate, 28. Part III., AdTanced,3s. 6d. 

German Examination Course. Elementary, 28, Intermediate, 28, 

Advanced, Is. 6d. 

German Reader. Elementary, Is. 6d. Advanced, 3^. 



MODEBN GEBMAN SCHOOL CLASSICS. 

Small Crown 8vo. 

Hey's Fabeln Fiir Kinder. Edited, with Vocabulary, by Prof. 
F. Lange, Ph.D. Printed in Roman characters. Is. 6d. 

The same with Phonetic Transcription of Text, &c, 28. 

Benedix's Dr. Wespe. Edited by F. Lange, PhJ). 2«. 6d, 
HoiBnan's Meister Martin, der Ktifner. By Prof. F. Lange, Ph.D. 

U6d. 

Heyse's Hans Lamge. By A. A. MaodoneU, M.A., Ph.D. 2«. 

Auerbach's Auf Waohe, and Roquette's Der Gefirorene Euss. 
By A. A. Macdonell, M.A. 2s. 

Moser's Der Bibliothekar. By Prof. F. Lange, Ph.D. Srd Edi- 
tion. 28. 

Ebers' Eine Frage. By F. Storr, B.A. 28. 

Freytag's Die Joumalisten. By Prof. F. Lange, Ph.D. 2nd Edi- 
tion, revised. 28. 6d. 

Outzkow'B Zopf und Sohwert By Prof. F. Lange, Ph.D. 28, 
Cfenxmn Epio Tales. Edited by Kax '^e\]i!kvB.T3A,^\i^. "^.^^ 
ScbeSbra Elkkehard. Edited by Docloi "ELetmwx^^^^VSWwW^, 
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DIVINITY, MORAL PHILOSOPHY, &e. 

Bt thb Bey. F. H. Sobiyeneb, A.M., LL.D., D.C.L. 

NoYom Teftamentnxn Gh»oe. Editio major. Being an enlarged 
Edition, oontfuniiur the Beadings of Bishop Westoott amd Dr. Hort, and 
those adopted by the Beyisen, &0. 78. 6d. (For otT^r Editions seepage 3.) 

A Plain Introduotloa to the OrltlolBm of the New Testament. 

With Forty Facsimiles from Andent Manofloripts. 8rd Edition. 8yo.l8s. 

Six Lectnrei on the Text of the New Testament For English 

Readers. Grown 8to. 6<. 

Oodez Beta Gantabrlgiensls. 4to. 10«. M. 



The New Testament for EngUsh Readers. By the late H. Allord, 

D.D. VoL I. Part I. 8rd Edit. 128. YoL I. Part II. 2nd Edit. 10s. 6d. 
YoL n. Part 1. 2nd Edit. 16s. Yol. n. Pftrt H. 2nd Edit. 16s. 

The Qreek Teitament By the late H. AUord, DJ). Vol. I. 7th 

Edit. 11. 8s. Yol. n. 8th Edit. 11. 4s. YoL HI. 10th Edit. 18s. Yol. lY. 
Pftrt I. 5th Edit. 18s. Yol. lY. Part H. 10th Edit. 14s. Yol. lY. 11. 12s. 

Ck>mpanion to the Qreek Testament By A. 0. Barrett, M.A. 

5th Edition, revised. Feap. 8yo. 5s. 

Guide to the Textual Criticism of the New Testament. By 
Bey. E. Miller, M.A. Grown 8yo. 48. 

The Book of Psalms. A New Translation, with Introduotions, Ae. 
By the Yery Bey. J. J. Stewart Perowne. D.D. 8yo. Yol. 1. 6th E^tion, 
18s. YoL n. 6th Edit. 16s. 

■ Abridged for Schools. 7th Edition. Grown 8vo. lOt. 6<2. 



History of the Artiolea of Religion. By 0. H. Hardwiok. 8rd 

Edition. Poet 8yo. 5s. 

History of the Greeds. By J. B. Lomby, DD. 8rd Edition. 

Grown 8yo. 7s. 6d. 

Pearson on the Oreed. Carefully printed from an early edition. 

With Analysis and Index by E. Walford, 1I.A. PostSyo. 5s. 

Liturgies and Offices of the Church, for the Use of English 

Beaders, in lUustration of the Book of Gommon Prayer. By the Bey. 
Edward Bnrbidge, M.A. Grown 8yo. 98. 

An Historical and Explanatory Treatise on the Book of 

Gommon Prayer. By Bey. W. G. Humphry, B.D. 6th Edition* enlarged. 
Small Post 8yo. 2s. 6a. ; Gheap Edition, Is. 

A Commentary on the Gospels, Epistles, and Acts of the 

Apostles. By Bey. W.Denton, A.M. New Edition. 7yolA8yo. 9s. each. 

Notes on the Oateohism. By Bi Bey. Bishop Barry. 9th Edit. 

Foap. 2s. 

The Winton Ohnroh Oateohlst Questions and Answers Qnth& 

Teaching of the Ghnrdh Oateohism. By thn ^aitA '««n. ^.^.^.^>^«na^ 
LL.D. 4th Edition. Oloth. Ss. i ot Vn, venue ^«a^Jk» MnraAu 

The Ohwroh Teaoher't MaimBl ot OYa\i^2iaa& laate'asWss*^ ^^ 

Bev. M, F, Badl^r. 39th Thouaaskd. %&.«!• 
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TECHNOLOGICAL HANDBOOKS. 

Edited by Sib H. Tbueiian Wood, Seoretary'of the Society of Arts. 
Dyeing and Tissue Printing. By W. Crookes, F J^S. S$. 

Olass Manufkotore. By Henry Cliance, MA.; H. J. Powell, B^; 
and H. G. HarriB. 3s, 6d. 

Cotton Spinning. By Biohard Lfarsden, of Manchester. 3rd 
Edition, reyised. 60. 6d. 

Chemistry of Goal-Tar Cfolours. By Prof. Benedikt, and Dr. 
Kneoht of Bradford Technical College. 2nd Edition, enlarged. 6c 6d. 

Woollen and Worsted Cloth Manufieioture. By Boberts Bean- 
nont. Professor at Yorkshire College, Leeds. 2nd Edition. 78. 6d. 

Printing. By C. T. Jacobi. 5«. 

Cotton Weaving. By B. Marsden. [In the press. 

Colour in Woven Design. By Boberts Beaumont. [In the press. 

Bookbinding. By Zaehnsdorf. [Preparing. 

Others in prvparaHon, 



HISTORY, TOPOGRAPHY, &c. 

Rome and the Oampagna. By B. Bum, M.A. With 85 En- 
graTings and 26 Maps and Plana. With Appendix. 4to. 2l8. 

Old Rome. A Handbook for Travellers. By B. Bum, M.A. 
With Maps and PluLS. DemySro. 5s. 

Modem Europe. By Dr. T. H. Dyer. 2nd Edition, revised and 
oontinned. 5 rols. Demy 8yo. 21. 128. 6d. 

The History of the Sings of Rome. By Dr. T. H. Dyer. 8vo. 5s. 

The History of Pompeii: its Buildings and Antiquities. By 
T. H. Dyer. 3rd Edition, brought down to 1874. Post Svo. 78. 6d. 

The City of Rome : its History and Monuments. 2nd Edition, 
reyised by T. H. Dyer. bs. 

Ancient Athens: its History, Topography, and Remains. By 

T. H. Dyer. Snper-royal 8vo. Cloth. 78. 6d. 

The Deollne of the Roman Republic. By G. Long. 6 vols. 

Syo. 5s. each. 

Historioal Maps of England. By C. H. Pearson. Folia 3rd 

Edition revised. 31s. 6d. 
England in the Fifteenth Century. By the late Bev. W. 

Denton, M.A. Demy 8vo. 128. 

History of England. 1800-46. By Harriet Martineau, with new 
andoopiouM Index. 5 rols. Ss. 6d. each. 

^noOoal SyuopalB of Englisli Hlatoii. "^i k. ^ctr^. ^^ 

■Bdltiozij reviaed. 8ro, Is. 



EdtAcatmml Works. 17 



LlYei of the Queens of Bngland. By A. Striokland. Library 

Edition, 8 toIb. 78. 6d. each. Oheaper Bdition, 6 yols. &. each. Abridged 
Edition, 1 vol. 6<. 6d. Mary Queen of Scots, 2 rols. Sa. eaoh. Tndor and 
Stnart Princesses, 5s. 

IBglnhard'! Life of l£arl the Great (Oharlemagne). Translated, 

witii Notes, by W. Glaigter, M.A., B.O.L. drown 8to. 48. 6d. 

The ISlements of General History. By Prof. Tytler. New 

Edition, brought down to 1874. Small Poet 8to. 38. 6d. 
History and Geography Examination Papers. Compiled by 

C. H. Spence, M.A., Olifton College. Grown 8vo. 28. 6d. 



PHILOLOGY. 

WEBSTER'S DIOTIONABY OF THE ENGLISH LAN- 
anAGB, With Dr. Mahn's Etymology. 1 yoL 1628 pages, 3000 nins. 
trations. Zls. ; half oalf , SOs. ; oalf or half mssia, 81s. 6d. ; nuisia, 21. 
With JLppendieefl and 70 additional pagei of ninctrations, 191» pages, 
Sis. 6d. ; half oalf, 21. ; oalf or half mssia, 21. 28. ; mssia, 21. lOs. 

*Tex BXSTPSAOTXCALBseLiSH DzoTXOVABT sxTAJfT.'— QiMrforl]/ Ssvieio.lSTS;. 
Prospeotoses, with specimen pages, post free on applioation. 

Brief History of the English Language. By Pro! James Hadley, 

LL.D., Yale College. Feap. 8to. Is. 

The Elements of the English Language. By B. Adams, Ph.D. 

24th Edition, revised and enlarged by J. F. Davis, D.Lit. Post 8yo. 
4s. 6d. 

Synonyms and Antonyms of the English Language. By Ardh- 

deaoon Smith. 2nd Edition. PostSvo. 58. 

Synonyms Discriminated. By Ardhdeaoon Smith. Demy 8yo. 

4th Edition. 1^. 

Bible English. Chapters on Words and Phrases in the Bible and 
Prayer-book. By Bey. T. L. O. Dayies. 2nd Edition reyised, in the press. 

The Queen's English. A Manual of Idiom and Usa^. By the 
late Dean Alford. eth Edition. Fcap.8yo. Is. sewed. Is. ed.dloth. 

A History of English Rhythms. By Edwin Guest, M. A, D. G. L. , 
LL.D. New Edition, by Professor W. W. Skeat. Demy 8yo. ISs. 

Elements of Gomparatlve Grammar and Philology. For Use 
in Schools. By A. C. Price, M.A., Assistant Master at Leeds Grammar 
SchooL Crown 8yo. 28. 6d. 

Questions for Examination In English Literature. By Prof. 

W.W. Skeat. 3rd Edition. 28. 6d. 

A Syriae Qrammar. By G. Phillips, D.D. 8rd Edition, enlarged. 

8yo. 78. 6d. 
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ENGLISH CLASS-BOOKS. 

ComparatiTe Grammar and Philology. By A. 0. Price, MJL, 

Assistant Master at Leeds Grammar SchooL 28. 6d. 

The Blementa of the English Language. By E. Adams, PhJ). 

2lith Edition, revised and enlarged bj J. F. Davis, D Lit. Post 8vo. 48. 6d. 

The Rudiments of English Grammar and Analyala. Bj 

E. Adams, ELD. 17th Thousand. Fcap. 8vo. Is. 
A Concise System of Parsing. By L. E. Adams, B.A. U. 6d. 
Oeneral Knowledge Ezamination Papers. Compiled by 

A. M. M. Stedman, M.A. 28. 6d. 

Examples for Grammatical Analysis (Verse and Prose). Se- 
lected, Ac., by F. Edwards. New edition. Cloth, Is. 

Notes on Shakespeare's Plays. By T. Duff Barnett, BJL 
Midsummer Nkht's Dsbam, Is. ; Julius CiESAR, Is. ; Hekrt Y., Is. ; 
Tempest, Is. ; Macbeth, Is.; Merchant of Yenice, Is.; Hamlet, Is.; 
Richard IL, In ; Kin« John, Is. 

By 0. P. lifASOH, Fellow of Uniy. Ck>ll. London. 
First Notions of Grammar for Toong Learners. Foap. Bio. 

57th Thousand. Cloth. 9d. 

First Steps in EnglHih Grammar for Junior Classes. Demj 

ISmo. 49th Thousand. Is. 

Outlines of English Grammar for the Use of Juiior Classes. 

77th Thousand. Grown 8yo. 28. 

EangUsh Grammar, including the Prindples of Grammatieal 

Analysis. 32nd Edition. 131st to 136th Thousand. Orown 8to. Ss. 8d. 
Practice and Help in the Analysis of Sentences. 28, 
A Shorter English Grammar, with copious Exercises. 84ib 

to 38th Thousand. Grown 8va Ss. 6d. 

English Grammar Praotioe, being the Exercises separately. If. 
Code Standard Grammars. Parts I. and n., 2d. each. Parts nx, 

lY., and Y., 3d. each. 

Elementary Mechanics. By J. C. Horobin, B.A., Principal of 
Homerton Training OoU^e. In Three Parts. [_In the press. 

Notes of Lessons, their Preparation, &e. By Jos^ Biokard, 
Park Lane Board S<^ool« Leeds, and A. H. Tajlor, Bodlef Board 
School, Leeds. 2nd Edition. Grown Sto. 2s. 6d. 

A Syllabic System of Teaching to Read, combining the advan- 
tages of the * Phonic ' and the ' Look-and-Say ' STstems. Grown 8vo. li. 

Praotioal Hints on Teaching. By Bey. J. Menet, M JL 6th Edit. 

revised. Grown 8yo. paper, 28. 

Test Lessons in Dictation. 4th Edition. Paper cover, U, 6d. 
Picture Sohool-Boolai. Li Simple Language, with numerou 

Illustrations. Boyal 18mo. 

The Infant's Primer. Sd.— School Primer. 6d.— Sohool Reader. By J. 
Tilleard. Is.— Poetry Book for Schools. Is.— The Life of Joseph. Is.— The 
Scripture Parables. By the Ber. J. B. Glarke. Is.— The Ser^ptore Miradlei. 
By the Bey. J. B. Glarke. Is.- The New Testament Histery. ^ the Ber. 
J. G. Wood, M.A. Is.- The Old Testament History. By the Ber. J. O. 
Wood, M.A. Is.— The Life of MartiB Lather. By Sarah Orempton. Is. 
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BOOKS FOR YOUNQ READERS. 

A Series qfJteading Botks designed to/cunlitate the cusqwinHon qfthepower 
of Reading by very y9\mg Children. In 11 vols, limp cloth, 6d, each. 

Those with an asterisk hare a Frontispiece or other Illiistrations. 

•The Old Boathouse. Bell and Fan; or, A Cold Dip. 
*Tot and the Oat A Bit of Oake. The Jay. The 

Black Hen's Nest. Tom and Ned. Mrs. Bee. \ Sutt«H« 

*The Oat and the Hen. Sam and hlg Dog Redleg. * / *.£*V 

Bob and Tom Lee. A Wreck. | ^'vww- 

*The New-born Lamb. The Rosewood Box. Poor 

Fan. Sheep Dog. 

*The Two Parrots. A Tale of the Jubilee. By M. E. | 

Wintle. 9 Dlostrations. 

*The Story of Three Monkeys. 
♦Story of a Oat. Told by Herself. . 

The Blind Boy. The Mute QitL A New Tale of ) /er 

Babes in a Wood. / Standords 

The Dey and the Knight The New Bank Note. ^'*^ 

The Boyal Visit. Jl King's Walk on a Winter's Day. 

*Queen Bee and Busy Bee. 

♦Gull's Orag. * J 

Syllabio Spelling. By 0. Barton. In Two Parts. In&nts, Sd. 

standard I., 3d. 

Helps' Oourse of Poetry, for Sohools. A New Selection from 
the English Poets, carefully compiled and adapted to the sereral standard! 
by B. A. Helps, one of H.M. Inspectors of Schools. 

Book I. Infants and Standards I. and II. 13i pp. small 8to. Sd. 

Book II. Standards ni. and IV. 224 pp. crown 8to. Is. 6d. 

Book III. Standards y., YI., and YII. 352 pp. post 8yo. 28. 

Or in PARTS. Infants, 2d.; Standard I., 2d.; Standard II.. 2d, 
Standard IIL, 4d. 



GEOGRAPHICAL SHBIES. By M. J. Babbinqton Wabd, M.A. 

With Ilhutrationt, 

The Map and the Oompass. A Beading-Book of Geography. 

For Standard I. New Edition, rcTised. 8d. cloth. 

The Bound World. A Beading-Book of Geography. For 

standard II. Revised and enlai^ed. lOd. 

About England. A Beading-Book of (Geography for Standard 

HI* « , ^ - « , , [In *?w press. 

The Ohild's Geography. For the Use of Schools and for Home 

Tuition. 6d. ^^ 

The Ohild's Geography of En^Umd. With Introductory Exer- 
cises OB the British Isles and Bmpure, with Qnestionfl. 2s. 6d. Without 
Questions, 28. 

Geography Examination Papers. (See History and Geography 
Papers, p. 12.) 
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BELL'S READING-BOOKS. 

FOB SCHOOLS AND PABOOHIAL LIBBABIBS. 

Now Beady. Pottdifo. Strongly boundin cloth. It, each, 

*Life of Ooliimbus. 

•Qflmm'f Gtannan TalM. (Seleeted.) 

*AiidAn«n'i DttDish TsIm. Hlostrated. (Seleoted.) 

Oreat Tthgliiihinen. Short Lives for Toung Ohildren. 

Great "Rngllaliwomeii. Short Liyes of. 

Great Sootsmen. Short Lives of. 

ParaUet from Nature. (Seleoted.) ByMrs. Qatty. 

Edgeworth'i TalM. (A Selection.) 
*Poor Jaok. By Capt. Manyat, B.N. (Abridged.) / 

*Sootf 8 Taliflman. (Abridged.) \ 

*JMendi In For and Feathers. By Gheynfryn. 
*Poor Jaok. By Gaptain Marryat, B.N. Abgd. 
*Ma8terman Beadj. ByOapt. Manyat. Ulas. (Abgd.) 
Lamb'8 Talei from Shakespeare. (Selected.) 
*Gul]iYer's TrayeUi. (Abridged.) 
*RobJn8on Omsoe. Ulustrated. 
* Arabian Nights. (A Selection Bewritten.) J 

*Diokens'8 Little NelL Abridged from the * The Old 
OnrioBity Shop.* 

*The Vlear of Wakefield. 

'Settlers In Oanada. By Oapt. Manyat. (Abridged.) 

Marie: Glimpses of Life in Franoe. By A. B. Ellis. 

Poetry for Boys. Seleoted by D. Monro. 
*Soatliey's Life of Nelson. (Abridged.) 
•Life of the Duke of Wellington, withMaps andPlans. 
*Sir Roger de QoYwlej and other Essays from the 

SfMototor. 

Tales of the Coast By J. Bnnoiman. 

* Th$94 Vt^MiMB ar§ IlUutraUd, 



BuiUabU 

/or 
Standards 






standard! 

rr.Jtr. 



standards 
r., FI., Jt 

ru. 



Uniform with thg Seriea, in lin^ cloth, ^ each, 

Shakespeare's Plays. Eemble's Beading Edition. With Ex- 
iflMwtoiy KotM tor Sohooi Use. 

JITUUS OiHSAB. THB MBBOHANT OF TBNIOB. KING JOHN. 
HBNEY THB JIFTH. MAOBBTH. AS YOU LIKB IT. 



J^aaaons OEOBQE BELL * SONS, York Btttt^t^ Co^waX Qax«m&. 



The only authorized and 

complete edition of 

''Webster." 



2,1 18 / WEBSTmCS \ 3.S00 
pages, I INTERNATIONAL j 'woodcuts, 

DicnaNAEor 



Price £i lis. 6d, 

The Standard in our Postal Telegraph Department. 

The Standard in the U.S. Government Printing Office. 

** It has all along kept a leading position.'' 

77ie Times. 

" Certainly the best practical dictionary extant." 

Quarterly Review, 

Prospectuses sent free on application. 



London : G. Bell & Sons. 



